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Abstract

A new finite element scheme is described for the large-scale analysis of compressible and in-
compressible viscous flows. The scheme is based on a combined compressible—inéornpressible
Galerkin Least-Squares (GLS) space-time variational formulation. Three-dimensional un-
structured meshes are employed, with piecewise-constant temporal interpolation, local time-
stepping for steady flows, and linear continuous spatial interpolation in all the variables.
The scheme incorporates automatic adaptive mesh refinement, with a choice of various error
indicators. It is implemented on a distributed-memory parallel computer, and includes an au-
tomatic load-balancing procedure. The ability to solve both compressible and incompressible
viscous flow problems using the parallel adaptive framework is demonstrated via numerical
examples. These include Mach 3 flow over a flat plate, and a divergence-free buoyancy-driven
flow in a cavity. The latter is a model for the steady melt flow in a Czochralski crystal growth

process.

Keywords: Parallel, Adaptive, Finite element, Galerkin Least Squares, Crystal growth,
Czochralski.
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1. Introduction

During the last few years there has been a tremendous increase in the development and
application of finite element technology for the solution of fluid flow problems, particularly on
adaptively defined unstructured meshes. Some of the current finite element codes can handle
large-scale three-dimensional simulations of compressible or incompressible flows with very
complicated geometry, general boundary conditions, and hundréd of thousands to millions
of degrees of freedom (1, 2].

A successful general analysis code that attempts to handle realistic problems, must be
equipped with four main properties: modeling flexibility, numerical stability, accuracy and
high speed. Flexibility in modeling general geometries, material properties, boundary condi-
tions, etc., is an important capability which requires special non-trivial treatment, especially
in three dimensions. Stability and accuracy are essential ingredients in establishing the re-
liability of the numerical results. High computing speed is a critical necessity for practical
reasons of obtaining results within acceptable times. Various tools have been devised in
recent years in the context of finite element analysis to address each of these issues. The
scheme described in this paper incorporates a number of tools which cover all four aspects,
and thus leads to a powerful solution technique.

Traditionally compressible and incompressible viscous flow problems are handled by two
separate codes, since these two types of problems typically involve different concerns and
numerical difficulties. However, recently Hauke and Hughes {3] showed how the compressible
and incompressible cases can be combined, by approaching the incompressible limit while
using either primitive (pressure-velocity-temperature) variables or entropy variables (but not
conservation variables). In this work, we have adopted this approach and have developed a
finite element scheme capable of solving both the compressible and incompressible Navier-
Stokes equations. While a direct approach to incompressible problems may be more efficient
in some cases [1], the combined compressible-incompressible approach provides a unified and
convenient analysis framework, and is especially attractive when buoyancy is introduced into

the incompressible Naver-Stokes equations via the Boussinesq approximation.
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In the present paper, we propose a new finite element framework for the large-scale anal-
ysis of compressible and incompressible viscous flows. The scheme is based on a combined
compressible-incompressible Galerkin Least-Squares (GLS) space-time variational formula-
tion. Unstructured three—dimevnsionai spatial meshes of tetrahedral elements are employed,
with linear spatiai interpolation in all the variables. This setup enables straight-forward gen-
eralization to higher-order elements. Piecewise-constant interpolation is used in time, with
local time-stepping for steady flows. The scheme incorporates automatic adaptive mesh
refinement, with a choice of various error indicators. It is implemented on a distributed-
memory MIMD parallel computer, and includes an automatic load-balancing procedure to
uniformly distribute the load among the processors. The nonsymmetric system of algebraic
equations is solved iteratively using preconditioned GMRES.

This computational framework includes some of the features that have been used in [4],
[2] and [3], as shown in Table 1. It combines the capability to analyze viscous flows [4] using
a combined compressible-incompressible formulation [3], with parallel adaptive capabilities
in three dimensions using unstructured meshes [2]. In addition, the scheme is capable of
solving the Navier-Stokes equations with the Boussinesq approximation. This allows for the
analysis of buoyancy-driven flows associated with divergence-free velocity fields, which are
typical, for example, in certain crystal growth applications. Also, a “boundary layer error
indicator” is incorporated in the adaptive procedure, which is based on the local gradient of
the velocity magnitude. _

We apply the new scheme to two model viscous flow problems. The first problem concerns
the Mach 3 flow of air over a flat plate, and is intended to test the performance of the scheme
in analyzing compressible supersonic flows. The results are compared to those presented
in [4], which are obtained using a serial code with a uniform structured two-dimensional
mesh.

The second problem is that of a divergence-free buoyancy-driven flow in a cavity. This
is a model for the steady melt flow in a Liquid Encapsulated Czochralski (LEC) crystal
growth process [5, 6]. There have been many attempts to model Czochralski (CZ) and LEC

processes with various levels of complexity. See, e.g., the local (single-phase) analyses in [7]-
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(11] and the global (multi-phase) analyses in [12]~[15], which use various finite volume and
finite element schemes, as well as the recent review [16], and references therein. Most of the
computational works on CZ and LEC assume axi-symmetric solutions, but some works are
based on three-dimensional analyses [8], [9]-[11].

Most of the finite element analyses performed in crystal growth simulations are based
on a standard Galerkin weighted residual formulation. For example, the scheme in [12]-{14]

" uses continuous biquadratic interpolation for velocities and temperature, and discontinuous
bilinear interpolation for pressure. This combination is successful in that it satisfies the
Babuska-Brezzi stability condition [17], although it is not easily generalized to higher-order
interpolations. There has been an attempt to generalize this formulation to a Petrov-Galerkin
framework in [18]. Here we perform a local analysis of steady-state flow in indium phosphide
(InP) melt under LEC conditions, using a rather simple model, to check the effectiveness of
applying the new computational framework, including the GLS formulation and the parallel
adaptive capabilities, to problems of this type. The governing equations are the Navier-
Stokes equations with the Boussinesq approximation.

In the next section, we describe the flow problems under consideration. In Section 3
we discuss the finite element formulation, and in Section 4 we describe the computational
methodology and its various ingredients in some detail. In Section 5, we present some
numerical results; first for the Mach 3 flow of air over a flat plate, and then for buoyancy-

driven flows in InP melt. We close the paper with some remarks.

2. Statement of the'Problem

The compressible Navier-Stokes equations can be written in the general conservation form

(see, e.g., [19]),
U+ P =F8 4 S(U) . (1)

Here, U is the vector of conservation variables, F24¥ and F&ff are the advective and diffusive

flux vectors in the ith direction, and S is the source vector. A superposed dot indicates
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differentiation with respect to time, a comma denotes partial differentiation, and the sum-
mation convention with respect to repeated indices is enforced.‘ In the three dimensional
case, (1) is a set of five equations for mass, momentum (three scalar equations), and energy
conservation.

Consider a transformation Y = Y(U), and convert (1) to the quasi-linear form
AOY + AY; = (K;jY,j),; + S(Y) R (2)

where Ao, A; and Kij, 4,7 = 1,2,3, are Y-dependent matrices. Assume that the source term

S can be written in the form,

S=8-CY, (3)

where S; is a constant vector, and C is a Y-dependent matrix. For future reference, write
(2) and (3) in the form

LY =5, (4)
where the differential operator £ is defined by,
0 0 a 7,

Three possible choices for Y are: (i) entropy variables [19], for which the system (2) be-
comes symmetric, (i1) pressure-primitive variables, and (iii) density-primitive variables {3, 20].
Hauke and Hughes [3, 20] recently showed that the incompressible limit of (2) is well defined,
and a well-behaved variational formulation of the problem can be derived, when Y is chosen
as either the entropy variables or the pressure-primitive variables. Thus, with either of these
two variable sets, the compressible and incompressible cases may be combined into a unified
framework.

For fully incompressible flows, this approach seems to be less efficient than the direct
one, because there is complete decoupling of the energy equation from the momentum and
continuity equations. Moreover, in many cases one is interested only in the velocity and
pressure fields, and not in the temperatures. Under such circumstances‘, the full solution
of (2) for incompressible flows entails superfluous computational effort. Indeed, tradition-

ally compressible and incompressible viscous flow problems are handled by two separate
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codes [1]. However, the combined compressible-incompressible approach becomes attractive
when buoyancy is considered, and introduced into the incompressible Navier-Stokes equa-
tions via the Boussinesq approximation [21]. In this case, S in (2) is temperature-dependent,
and all the equations are coupled, as with compressible flows. We adopt the combined
compressible-incompressible approach here, using entropy variables for Y.

The time-dependent Navier-Stokes equations with the Boussinesq approximation can be

written in the explicit form

po(V+v-Vv)=V e+ pfg(T ~To)e. , (6)
V.v=0, | (M
pocy (T+v-VT) =V (sVT) =0 . (8)

Here, v is the velocity vector, T is the temperature, ce is the stress tensor, pg is a constant
reference density of the fluid, Ty is a reference temperature (corresponding to the density
po), B is the thermal expansivity of the fluid, g is the gravitational acceleration, e, is a unit
vector in the z direction, c, is the heat capacity, and « is the heat conductivity of the fluid.
Egs. (6), (7) and (8) are, respectively, the momentum, continuity and energy equations. The
last term on the right side of (6) is the buoyancy term, which is responsible for the coupling
between the temperature and velocity fields. Gravity is assumed to act in the —z direction.

The stress-pressure-velocity relations are given, for a Newtonian fluid, by
e = —pl + u(Vv +VvT) | (9)

where I is the identity tensor, and y is the fluid viscosity.

Equations (6)—(9) are recast in the vector form (2), or (4), to fit the combined compressible-
incompressible formulation. These equations are accompanied by appropriate boundary and
initial conditions, to complete the statement of the problem. In the steady-state case, the-

time-derivative terms in (6), (8), (2) and (5) are dropped.
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3. Variational Formulation

Our starting point is the transformed time-dependent Navier-Stokes equations (2). These
equations will be considered even when steady solutions are sought; in this case we shall
employ the commonly-used relaxation procedure, in which we discretize the time-dependent
problem (2) in space and time, and march rapidly in time to reach a steady state (see Section
4.2). |

We define a weak form of (2) based on the time-discontinuous Galerkin Least Squares
(GLS) method. This formulation was originally developed for two-dimensional compressible
flows [4], and was also used in other configurations by [2] and [3]; see Table 1. The time-
discontinuous GLS method is well suited for incorporation in an automated parallel adaptive
environment. The method has a firm mathematical foundation, and its stability and accuracy
properties have been rigorously established (see [4] and references therein). Moreover, it has
the ability to naturally handle moving boundary problems by means of space-time deforming
meshes [22].

First we introduce some notation. Given a spatial domain Q with boundary T, consider
a space-time domain © x I, where the time interval I is divided into subintervals (time
steps), In = (tn,tn41). Let @n = Q X I, (a “space-time slab”), let P, =T x I,, and let °
be the unit outward normal on P,. Also, let W and W} denote the values of the time-
discontinuous quantity W as t — t, from below and above, respectively. The slab Q. is
decomposed into (N.). space-time elements, denoted Q%. Finally, let §(Q,) and So(@-)
denote the appropriate trial and test spaces, respectively, defined on the slab Q,.

With this notation, the variational formulation of (2) is stated as follows: within each

slab Qn, find Y € §(@Q,.) such that for all W € Sp(Q,),

_/ (_W U(Y) = Wi FP(Y)+ Wi K;; Y, - W~ S) dQ

[ (W U(Ya) - Wi U(Y;)) do

(Nel)ﬂ

+ Y /Q%(zww;(z:y—so) dQ

e=1
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(Ncl)n B
+ Y [ 6GTW AoY;dQ
e=1 $|.

- /P W - (=Fr(Y) + FEf(Y)) 1 dP (10)

n

The first and last integrals in (10) are the standard Galerkin terms. The second integral
weakly enforces continuity of the solution in time from one slab to the next. Thus, the
first, second and last integrals together constitute the discontinuous-Galerkin method [23].
The use of finite element shape functions which are temporally discontinuous enables sim-
ple stepping in time, similar to the time marching procedure performed in finite difference
schemes. The third and fourth integrals are stabilizing terms; the third is a least squares
term, and the fourth is a discontinuity-capturing term. The variational form (10) constitutes
the time-discontinuous GLS method (with discontinuity capturing).

The least squares (LS) term is the main stabilization mechanism. Numerical stability is
always an issue in finite element formulations of the Navier-Stokes equations. A necessary
condition for stability is the Babuska-Brezzi condition, and it is well known that it is nof;
easily satisfied with standard Galerkin methods [24]. For example, equal-order interpolation
in space for all the variables leads to a highly unstable numerical scheme, which typically
yields non-convergent solutions even for relatively simple problems. The LS term enhances
the stability of the method, and allows the use of equal-order interpolation in space, while
maintaining the optimal order of accuracy. Equal-order interpolation has the advantage that
it easily accommodates high-order elements and p-adaptivity. Stabilization is also needed to
eliminate global pollution, in the form of spurious oscillations, due to unresolved boundary
layers, large-gradient regions and discontinuities in the exact solution, and also pollution
associated with advection-dominated flows [25].

‘The matrix g appearing in the LS term in (10) is designed to balance stability and
accuracy in both the diffusive and advective limits. Definitions of g for the compressible and -
incompressible Navier-Stokes equations can be found in {4] and [26], respectively. A way to
combine both #’s is proposed in [20]. |

Although the LS term eliminates the global pollution due to discontinuities, overshoots
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and undershoots may still be present in the immediate vicinity of such features. The fourth
integral in (10) is a nonlinear discontinuity capturing (DC) operator, which controls these
local oscillations. For more details, as well as the definitions of § and g%, see [4, 20].

As can be seen from (10), the LS and DC operators are applied at the element level. The
method is consistent in the sense that (10) is satisfied by the exact solution of the problem.
This is ensured since both stabilization terms depend on the residual LY — So (see (4)) in
the element, and vanish with this residual. Note also that the weighting LW in the LS term
includes the Y-dependent part of the source S, but does not include its constant part So
(see (3)).

Essential and natural boundary conditions can be applied in conjunction with (10). Es-
sential boundary conditions are imposed directly, after expressing them in terms of the Y
variables. Natural boundary conditions are imposed by substituting the prescribed value for
the corresponding flux in the (last) boundary integral of (10). If no boundary conditions
are imposed on some part of the boundary, the fluxes are evaluated there from the current

values of Y.

4. Computational Scheme

Fig. 1 summarizes the overall computational scheme. First, an initial mesh is generated.
Then, the domain is decomposed into partition subdomains, so as to balance the initial load
among the parallel processors. Then, the main analysis loop is started. This loop includes

U

five main phases: (a) the “form phase,” in which the element matrices and vectors and the

global equations are formed; (b) the “solve phase,”

where the global algebraic equations are
solved; (c) the error estimation phase, where some specified measure of the local error (the
error indicator) is calculated for all the elements; (d) the mesh adaptation phase, in which
the mesh is locally refined and/or coarsened based on the error indicator values; (e) the load
balancing phase, where elements are migrated between processors in order to redistribute
the load in a uniform manner among the processors. |

The procedures used for the mesh generation, mesh adaptation, domain partitioning, load
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balancing and element array formation are all linked to the so-called Parallel Mesh Database
and Attribute Manager, which store, handle and supply information on mesh entities and
physical data.

Now we shall describe in some detail the various ingredients of this computational scheme.

4.1. Initial Mesh Generation and the Attribute Manager

Spatial meshes are generated via the Finite Octree technique [27], which constructs general
unstructured meshes of tetrahedral elements. The first step in meshing a model region is
to develop an octree; this is a multi-level tree whose basic unit oh each level is a mesh cell
divisible to eight subcells (octants) on a lower level. This octree is constructed so that it
reflects the mesh information and is consistent with the triangulation on the boundary of the
model region. A one level difference of octants sharing one or more edges is enforced during
~ this process to control smoothness of the mesh gradations. Once the octree is generated, the
octants are classified as interior or boundary octants. Some intérior octants are reclassified
as boundary octants if they are sufficiently close to mesh entities on the boundary. The
next step consists of meshing the interior octants. The last step in the mesh generation is to
connect the boundary triangulation to the interior octants, using an operation called “face
removal.” The Finite Octree mesh generation procedure has been proved to be an extremely
strong tool for general three-dimensional geometries.

The Attribute Manager consists of a special procedﬁre for storing and handling the
physical attribute information required to support the analysis, e.g., boundary conditions,
initial conditions and material properties. This information is tied to the geometric model
definition, rather than to the discrete model, and is defined in a general hierarchical form [28].
This is in contrast with the common procedure of defining the physical attribute information
directly in terms of the discrete model. The Attribute Manager is especially effective in an-

adaptive environment.
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4.2. Interpolation in Time and Space

The choice of finite element shape functions in space and time, in conjunction with the GLS
time-space variational formulation described in Section 3, determines the definition of the
element arrays, and thus completes the information needed for the “form phase.”

In the present scheme, piecewise-constant interpolation is used in time. This choice is
permitted in the time-discontinuous GLS method, and is very convenient and efficient for
steady-state analysis. (It is less appropriate for transient analysis). A single Newton iteration
is performed at each time step.

In transient ana,lysis, a time-step size is specified which may vary in time, but is uniform
in space. In steady-state analysis, the time-step need not be uniform throughout the mesh,
but is determined locally, e.g., to achieve a specified element Courant number to reach steady
state rapidly. The Courant number measures the estimated number of elements over which
the information propagates in a single time step. Using this procedure, the flow information
propagates at a nearly optimal rate throughout the spatial domain.

In space, continuous piecewise-linear spatial interpolation is used in all the variables.
This convenient choice, which is never possible in standard mixed Galerkin formulations, is
made possible by the LS stabilization. In addition to programming convenience, a major
advantage of an equal-order interpolation is that it is amenable to easy generalization to
higher-order elements. As a consequence, the present scheme can be extended, in a straight-

forward manner, to general hp-adaptive strategies.

4.3. Parallel Procedures

The finite element scheme used here is designed to work in an automatic parallel adaptive
environment. One important aspect of parallelization is the partitioning of data among
the processors, given the irregular communication patterns that characterize unstructured
meshes. Domain decomposition is used for partitioning the computational domain into
subdomains, each being assigned to a processing node. The subdomains exchange data with

each other through the subdomain boundaries.
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The partitioning of the initial mesh is done using a tree-based moment-of-inertia Recur-
sive Bisection (RB) algorithm [29]. The whole mesh is first loaded into one processor and
then recursively split in half and sent to other processors in parallel. The splitting is done by
the linear time median algorithm. In this way, the time that initial partitioning by parallel
RB takes is O(N), where N is the number of elements.

The message passing paradigm is employed in the implementation of the scheme. Parallel
implementation of the form phase is straightforward, with no communication among the
processors. The solve phase is based on the use of the preconditioned GMRES algorithm;
see Section 4.6 for the details.

The Parallel Mesh Database (see Fig. 1) stores, handles and supplies information on mesh
entities. It has three main roles: (a) to provide a common interface and a single library for
all the mesh related application, namely mesh generation, mesh refinement/coarsening and
finite element analysis; (b) to provide information on adjacency relations among shared mesh
entities on different processors; (c) to provide a mesh migration algorithm which facilitates
arbitrary mobility of mesh entities on processors. The Mesh Database defines the mesh in
terms of the topological entities of the mesh (vertices, edges, faces and regions) with pointers
between them. ' |

The data structures used in the scheme provide fast query of subdomain boundary infor-
mation. Such information includes adjacencies for entities located on more than one parti-
tion, the number and list of adjacent processors given an entity type adjacency, and so on.
In addition to these queries, fast update procedures are used for the refinement/coarsening
and element migration/load balancing components of the solver. The fast query and update
are achieved via a topological-entity hierarchy data structure, which provides a two-way
link between the mesh entities of consecutive order, i.e., regions+faces, faces«redges and
edges«+vertices. Using this hierarchy, any entity relationship can be derived by local traver-
sals. The entities on subdomain boundaries are augmented with links, which point to the
location of the corresponding entity on the neighboring processor. Each subdomain bound-
ary entity can have attached to it either the complete or the minimal set of interprocessor

links. A switching mechanism is employed to allow both representations to be used disjointly.
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Special procedures are used to migrate elements between processors for the purpose of
redistributing the mesh in order to achieve load balance [30, 31]. The migration routines
are implemented in three stages: (i) the element mesh and its attribute data is packed into
messages and sent, (ii) packed elements are received and unpacked, (iii) the inter-processor
links are updated. Provided procedures allow each processor to send and receive multiple
migrations of elements. An element-based dynamic load balancing scheme is used, which
iteratively migrates elements from heavily loaded to less loaded processors. It is based on
letting each processor request load from a heavily loaded neighbor. The hierarchic load
re.quest 1s represented by a tree, upon which a scan operation is performed. The complexity
of this scan is O(log T'), where T is the number of nodes in the tree [30].

These parallel procedures result in a scalable scheme (see Section 4.7) that runs on a
distributed-memory MIMD parallel computer. The simulations described in Section 5 are
performed on an IBM SP-2 computer, at Rensselaer Polytechnic Institute (36 processors),

and at Cornell University (512 processors).

4.4. Error Estimation

Local error control of nonlinear hyperbolic and parabolic systems based on rigorous mathe-
- matical foundations, i.e., on local a-posteriori error estimates, is very difficult in general (as
opposed to the linear elliptic case, for example). Traditionally, error indicators are used in
place of error estimators when the former are not available. Although error indicators do
not necessarily measure the real discretization error, they do indicate, if chosen carefully,
local regions of the computational domain associated with high errors, and thus can be very
useful in an adaptive environment. ‘

Two types of error indicators are currently implemented in the scheme described here;
both can be applied to one or more of the physical variables (typically density, pressure .
or temperature). The first error indicator is the magnitude of the gradient of the variable
chosen. This indicator is not based on solid mathematical ground, but it is useful in practice

when relatively small local regions of large gradients of the solution are present. Error
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indicators based on the magnitude of density or pressure gradients are usually effective in
tracking shocks in compressible supersonic flows. A nodal error indicator which is appropriate

when thin boundary layers are present is
er=Ar(IVvl) ,  v=ly (11)

where v/ is the velocity vector at node I, and Ay(-) is the average value of a discontinuous
quantity at node /. This error indicator measures the local change in the magnitude of the
nodal velocity. It should be noted that v, the velocity magnitude, is taken to be linearly
interpolated in each element (which is actually inconsistent with the linear interpolation in
each of the veloéity components). In the simulations of Section 5.2, we use a combination of
this “boundary layer error indicator” (11) and one which measures temperature gradient.
The second error indicator which is implemented in the scheme is related to the magnitude
of the second derivatives of the variable chosen [32]. This indicator is appropriate for linear
elements, since it attempts to measure the error by estimating the leading (quadratic) term

truncated. It has the form
_ h*H ()
RAL(|Vé]) + eMi(|9])

where h is the mesh size parameter, ¢ is the solution variable being monitored, H;(¢) is a

€er (12)

measure of the nodal magnitude of the second derivatives of ¢, Mj(-) is the weighted average
of a quantity over all the nodes which surround node I, ¢ is a tuning parameter, and A (+)
is defined as before. The second derivative measure H; is computed using a variational
recovery technique [32].

For each edge, the value of the error indicator is computed by averaging the associated two
nodal values of the indicator. These edge values are then used to control mesh adaptation.
Maximum and minimum thresholds, M and m, are supplied for the error indicators, so that
the edge is refined if the error associated with at least one of the selected physical variables
is higher than M, and is collapsed if the error is smaller than m for all selected variables. In
some cases, especially if sudden changes in the character of the solution are expected, m is
specified as zero, to turn off mesh coarsening. The threshold M is chosen so that only about

5%-15% of the elements in the mesh are refined, to prevent an excessive computational effort
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in the following analysis cycle. Parallel implementation of the error indicator calculation is
straight forward.

The adaptive process starts from an initial mesh (see Fig. 1), which is generated using
the Finite Octree technique. This mesh should be fine enough to capture the main features
of the solution, but ideally not much finer than this. Starting from an initial mesh which is
too crude is potentially dangerous, because it may lead to situations where a certain feature
of the exact solution (say, small local oscillations), which occurs at a scale much smaller
than that of the initial mesh size parameter, may remain undetected by the error estimation
phase.

In transient analysis, an adaptive step, which includes error estimation and mesh adap-
tation, is invoked every specified number of time steps. In a steady-state analysis, the
procedure adopted in the present work is as follows: First, an initial mesh is generated.
Then, local time-stepping is performed with this mesh for a sufficient number of time steps,
until the residual norm is reduced below a certain specified level, indicating that a steady
state is reached. Then, one step of mesh adaptation is performed, using one of the error in-
dicators mentioned above. After this step, another cycle of local time stepping is performed,
until steady state is reached again. This procedure is repeated for a desired number of cy-
cles. A typical behavior of the residual norm is: possible initial oscillations, then reducing
monotonically until the first mesh adaptation, then slightly increasing, and again reducing
monotonically until the next adaptation step, and so on. In cases where a more oscillatory
behavior is observed, this typically indicates that a steady state was not reached success-
fully, possibly because for the values of the physical parameters used one does not exist or

is unstable.

4.5. Mesh Adaptation

The mesh level adaptive scheme combines local refinement, coarsening and triangulation
optimization using local retriangulations. The refinement step makes use of subdivision

patterns (templates). All possible patterns are considered and implemented to allow for
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speed and avoid possible over-refinement. The coarsening step is based on the edge collapsing
technique. This procedure does not require storage of any history information and therefore
does not depend on the refinement procedure. Triangulation optimization is necessary to
prevent mesh quality degradation. It is based on the iterative local retriangulation of well
defined polyhedra, using the two dual techniques of edge removal and multi-face removal [33].

Since refinement uses templates, its parallel implementation presents no difficulties. F irst,
mesh faces on the partition boundary are triangulated. Face level interprocessor links are
set up for the child faces of the mesh faces on the partition boundary. Then, mesh regions
are triangulated without communication involved. Any mesh edge carrying minimal inter-
processor links transfers link information to its two child edges.

The efficient parallelization of local adaptive mesh refinement and coarsening is discussed
in [33]. Efficient parallel retriangulation of polyhedra is performed in. three steps: (i) retri-
angulate polyhedra which are fully interior to the partition, (ii) shift the partition boundary
using element migration techniques, (iii) retriangulate polyhedra that are now fully accessi-
ble due to the shift. Multiple processors can request the same off-processor region, and in
such case the processor with the lowest identification number is the one which is granted
priority. Triangulation optimization is an iterative process, and naturally, shifting the parti-
tion boundary constantly in one direction would quickly create a load imbalance. Therefore,

after each adaptive step, a load balancing step is applied (see Section 4.3).

4.6. Equation Solving

The nonlinear system of algebraic equations obtained from finite element discretization in
space and time is linearized using Newton iterations. The resulting nonsymmetric linear
system is solved iteratively using preconditioned GMRES. Preconditioning is performed by

means of a nodal block-diagonal scaling transformation. Given the nonsymmetric system
Tp =F, ' (13)

the GMRES algorithm [34] starts from an initial guess py, and attempts to find an approxi-

mate solution po+z to (13), where z is a vector in the Krylov space K = (ro, Tro, -, TF 'rp)
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and ro = F — Tpo. The vector z is found by solving the minimization problem
min ||F = T(po + 2)|| , (14)

using the QR algorithm. An orthogonal basis of K is obtained by a Gram-Schmidt proce-
dure. This procedure involves matrix-vector multiplication and vector dot products, which
constitute the computing-intensive part of the algorithm.

The matrix-vector multiplications are implemented in parallel and necessitate the ex-
change of data through the interprocessor boundaries. In order to overlap communication
and computation for efficiency reasons, these operations are realized following a four-step
procedure on each processor: (i) sending information on the inter-processor boundaries to
each neighboring processor; (ii) performing computations involving only data associated with
nodes that lie within the internal volume of the partition; (iii) receiving information on the
inter-processor boundaries from all the neighboring processors; (iv) performing computations
involving only data associated with nodes that lie on the inter-processor boundaries.

For the implementation of the vector dot product operations, nodes that lie on the
inter-processor boundaries are randomly spﬁt, so that two partitions that share an internal
boundary are assigned only a subset of the nodes of that boundary. Then, each processor
performs the dot product involving nodes contained in its internal volume and its subset of
nodes on the partition boundaries. The sum of all the processor results yields the global dot
product result.

The minimization problem (14) is written in terms of an upper Hessenberg matrix, whose
dimension is the same as the dimension of the space X, and whose entries are the results of
the dot products performed during the orthogonalization procedure. At the end of the Gram-
Schmidt procedure, each processor has complete knowledge of the upper Hessenberg matrix
and it is therefore able to perform the solution of (14) independently without any inter-
processor communication. Similarly, once conifergence is achieved in the GMRES solver, the
Newton update (i.e., addition of the incremental solution to the solution from the previous

Newton iteration) is performed by each processor independently with no communication.
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4.7. Overall Performance

With the features described in the previous sections, the proposed scheme contains the four
desired properties mentioned in Section 1: flexibility (mesh and physical attribute handling),
stability (LS and DC operators), accuracy (adaptiv{ity, ability to handle high-order elements),
and speed (parallel environment, local time-stepping).

The parallel adaptive procedure enables the solution of large problems, with CPU times
which are much smaller, for the same level of accuracy, than those required in a serial code
using a uniform mesh. A single steady-state simulation of those reported in Section 5.2, with
an initial mesh of about 140,000 elements, with two adaptive steps leading to a final mesh
of about 400,000 elements, on 16 processors, took about 11 hours of computing, including
the initial mesh generation and partitioning. See also the comparison given in Section 5.1.

The parallel environment is associated with an additional memory requirement compared
to a serial code, but it is usually marginal. This additional storage is handled by the Parallel
Mesh Database, which defines the mesh in terms of its topological entities with pointers
between them. The mesh on each processor is stored, and in addition special treatment is
given to those mesh entities which are on the boundary of the partition. For them, an entity
neighbor is pointed by indicating the processor it is on and its local memory pointer on that
processor. There is also a need for a linked list of the entities on the interprocessor boundaries
to support the gather/scatter operations performed by the GMRES solver. This comprises
the added memory needed in the parallel scheme, and it is typically small compared to the
total memory volume needed. The size of the added memory is proportional to the number
of mesh entities on the interprocessor boundaries.

The scheme has a high degree of scalability. This is demonstrated by Fig. 2, which shows
the speed-up gained relative to a serial run as a function of the number of processors used.
These results correspond to one of the simulations reported in Section 5.2. When the number
of processors increases from 1 to 2, a speed-up of about 2 is obtained. When 16 processors
are used, a speed-up of 14 is obtained. Thus, the slope of the scalability curve is about 0.875

(vs. the ideal unit slope). The 12% reduction in the slope is due to communication overhead.
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Communication cost is mainly due to the load balancing procedure, which is dominated
by interprocessor communications. However, this cost is maintained under a reasonable level
(as Fig. 2 shows) owing to the special parallel procedures mentioned in Section 4.3. The
communication cost is especially small for relatively large problems, where a large number

of finite elements is used per processor.

5. Numerical Examples and Results

5.1. Mach 3 Flow Over a Plate

To demonstrate the capability of the scheme to handle compressible viscous flows, we consider
steady flow of air over a flat plate, with inflow conditions corresponding to M= 3 and
Re=1000 (see [4], [20]). From the leading edge of the plate, a thick boundary layer and
a shock develop. The solution is two-dimensional, but here it is obtained using the three-
dimensional computational domain —0.2 < £ <1.2,0 <y < 0.8, 0 < z < 0.1, where the
“thickness” 0.1 in the z direction is arbitrary, and is chosen for numerical convenience. The

boundary of this domain is divided into seven faces, with the following boundary conditions:

z = —0.2 (inflow): p=Lv=Lv=v=0T=2769-10"".
y = 0.8 (inflow): same as above. |

y =0, z > 0 (plate surface): no-slip, T = 7.754 - 10~4.

y=0,z <0 (symm.): slip condition, zero normal heat flux.

z =0 (symm.): same as above.

z=0.1 (symm.): same as above.

z = 1.2 (outflow): no boundary conditions.

The gas is assumed to be ideal, with Sutherland’s viscosity law, x = 0.0906T%/(T +
0.0001406), and Pr=0.72. The initial mesh used is shown in Fig. 3(a). It consists of 6486
tetrahedral elements and 1770 nodal points (with 5 degrees of freedom per node). The figure

shows the trace of this mesh on the ry plane. Two cycles of adaptive mesh refinements
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were applied (see Section 4.4). The magnitude of the density gradient served as an error
indicator. The final mesh thus obtained is shown in Fig. 3(b). Mesh refinement at and near
the boundary layer and the shock is clear. |

Figs. 4(a)-(d) show the contours of the finite element solution for the density, Mach
number, temperature and pressure, respectively. The results agree well with those obtained
in [4] and [20]. The latter results were obtained using a serial, two-dimensional code, with a
uniform structured mesh which is as fine as the finest level in the mesh of Fig. 3(b). Thus,
we obtain a similar solution to that of [4, 20] while achieving significant saving in the number
of degrees of freedom. It is apparent from Figs. 3(b) and 4(a)-(d) that the strong features
in the solution, namely the boundary layer and the shock, are captured very effectively by
the adaptive scheme.

It should be noted that the final mesh is not uniform in the “thickness direction” z of
the plate; elements in the fine regions are small in all three dimensions, since the tetrahedral
elements generated auring the adaptive step are well-proportioned. The coarse regions of
the mesh consist of two elements in the z direcition, whereas in the fine regions there are up
to eight elements in this direction. |

This analysis was performed with 8 and 16 processors of an IBM SP /2 computer. Figs.
5(a) and 5(b) show, respectively, the subdivision of the initial mesh and of the final mesh,
in the 8-processor case. As more elements are concentrated in the regions of the shock and
the boundary layér, the processor subdivision is changed by the dynamic load balancing

procedure discussed in Section 4.3.

5.2. LEC Melt Flows

The finite element scheme is now applied to a problem of divergence-free buoyancy-driven
flow in a cavity. This is a simplified single-phase model for the steady melt flow in a LEC .
crystal growth process (see Section 1). The governing equations are the Navier-Stokes equa-
tions with the Boussinesq approximation; (6)—(9). We use this model problem to check the

effectiveness of applying the new computational framework to problems of this type.
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We consider buoyancy driven flow in InP melt contained in a small cylindrical crucible
with a curved bottom, with radius r. and height H. The upper surface of the melt (including
the melt-crystal and melt-encapsulant interfaces) is assumed to be flat. We introduce a
cylindrical system of coordinates (r,8,z), with the z axis coinciding with the crucible axis
and pointing upwards. We denote the part of the boundary defined by the crucible walls and
bottom by I'.. The melt-solid interface is defined by the circular domain 2 = H, 0 <r < 7y,
and is denoted T,. The melt-encapsulant interface is defined by the annular domain z = H,
ry <1 <7 and is denoted T'y.

The boundary conditions considered are as follows. A no-slip condition is applied on
the whole boundary. On [., a given constant temperature T is prescribed. On [, the
temperature is equal to the melting-point temperature Trmp. On Iy, zero normal heat flux
is assumed. The no-slip condition at the melt-encapsulant interface is reasonable since
the encapsulant is much more viscous than the melt. The values of the parameters are:
re = 3.4cm, ry = /2, H = ., po = 5.05 g/cm?®, p = 0.0081 g/cm-s, x = 0.23 W/cm-K,
cp =042 J/g-K, 8= 4.44 .10~ K1, Ty = Trnp = 1335 K. For later reference, we define the

Grashof number, which is the ratio of buoyancy to viscous forces,

Gr = p3Bgr3(Te = Tmp)/14* . -~ (15)
We control the value of Gr by assigning an appropriate value to the crucible wall temperature,
T.. It should be noted that although the length scale of the problem is realistic for InP
crucibles (they are much smaller than silicon growth crucibles), the Gr values considered
here are smaller than the realistic ones in a LEC process [35, 6]. This simplification is not
so uncommon in crystal growth modeling, since CZ and LEC systems with high Gr numbers
are associated with several complicated interacting flow instability phenomena [16].

The flow problems are solved using 8, 16 and 32 parallel processors. As initial conditions,
we set the velocity equal to zero and the temperature equal to the crucible wall temperaturé‘
T., everywhere. The adaptive procedure described in Section 4.4 is used, with an error
indicator based on a combination of the boundary layer indicator (11) and the mé,gnitudes

of the temperature gradient. After each adaptive mesh-refinement step, time marching is
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performed, with a local time step which is determined by setting the algofithm Courant
number equal to 10, until the residual norm is reduced by a factor of 10~3. The dimension
of the Krylov space used in the GMRES solver is chosen to be 25. In these simulations the
use of the DC term is suppressed.

Fig. 6(a) shows the initial mesh used, which contains about 140,000 elements. Figs. 6(b)
and 6(c) show, respectively, vertical cross-sections through the meshes obtained after the
first and second adaptive refinements. These meshes contain, respectively, about 230,000
and 400,000 elements, and similar numbers of degrees of freedom. The latter is the final
mesh used in this example. Fig. 6(d) is a three-dimensional view of this final mesh. In each
refinement step, about 8% of the elements in the current mesh associated with the largest
error indicator values are refined.

The mesh refinement near the walls of the crucible, and especially the top boundary,
where thin boundary layers are present, is apparent. The asymmetric refinement seen in
the final mesh (Figs. 6(c) and 6(d)) is due to the fact that the original mesh, being an un-
structured mesh of tetrahedral elements, is not axisymmetric in nature. The error indicator
calculation is slightly sensitive to the local shape and size of the elements, and thus leads to
small perturbations in the error indicator values around the specified threshold value, and
hence to a slightly asymmetric refinement. However, this asymmetry is reduced as the mesh
is further refined, and it does not lead to significant asymmetry in the solution itself.

Figs. 7(a) and 7(b) show, respectively, the initial and final mesh partitioning, when 8
processors are used. The differences between the two are due to the dynamic load balancing
procedure employed. It is clear that the final processor distribution is such that more effort
is concentrated near the top surface of the melt, where most of the refinement has taken
place.

Figs. 8-10 show the finite element results. Fig. 8 is the temperature contour plot in the
vertical yz plane, for Gr=3.3 - 10%. Figs. 9(a), 9(b) and 9(c) show the velocity pattern in a
vertical plane for Gr=3.3 -10%, 3.3 - 10° and 3.3 - 10%, respectively. Fig. 10 shows the velocity
distribution in the horizontal plane z = 3.2, slightly below the top surface of the melt. These

results are similar in principle to those presented in [13], [7] and [8]. At the heated vertical
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wall of the crucible the melt rises due to buoyancy, and then turns radially inwards at the
melt surface. This gives rise to the Rayleigh-Bénard toroidal cell flow seen in Figs. 9(a)-(c).
The flow cell is not centered; its center is closer to the crucible wall, as in the “bulk-flow”
model in {13]. The radial flow shown in Fig. 10, which is the upper part of the toroidal cell,
exists below the boundary layer adjacent to the top surface of the melt. In CZ flows, where
no encapsulant is used, this radial flow appears on the free surface of the melt.

We note, however, that these results are expected to differ significantly from those ob-
tained in a fully-coupled LEC simulation. This has been demonstrated in [13], where the
results of a simple CZ “bulk-flow” model and of a coupled thermal-capillary model, were
compared in various configurations. The significant differences in the results of the two
models, especially at high Gr numbers, show that flow coupling effects are important, and
thus the uncoupled model is too simple to yield accurate information.

Although our finite element scheme solves three-dimensional problems, the steady-state
results shown here are all axisymmetric. Both experiment%a.l evidence and numerical calcula-
tions with realistic value of Gr, show that CZ and LEC processes always involve flows which
are time-dependent and fully three-dimensional. For silicon with buoyancy-driven flows,
transition to time-dependent three-dimensional solutions typically occurs at Gras 5-10° [7, 8].

The extension of the current methodology to the three-dimensional regime of realistic
Gr values is currently underway. Time-dependent simulations and some preliminary threef
dimensional results for large Gr are reported in [36]. These results show that transition
to unsteady three-dimensional flows occurs at about Gr = 107, and that these flows are
characterized by short transient, followed by periodic oscillations with period of about 3.5
seconds. The simulations in [36] also include flows in silicon and InP melts with the combined
effects of natural convection due to buoyancy and forced convection due to crystal and

crucible rotation.
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6. Concluding Remarks

In this paper we have described a new parallel adaptive finite element scheme for the large-
scale analysis of viscous flows. We demonstrateded how this scheme can be applied to
both compressible and incompressibie flows, and to problems governed by the Navier-Stokes
equations with the Boussinesq approximation.

Further developments are currently underway. First, the spa,tially linear finite elements
used here may be replaced by higher-order elements. This extension is rather straight for-
ward, and would lead to a hi.ghly accurate and stable scheme. Stability is guaranteed ow-
ing to the GLS formulation. Incorporating a general hierarchy of high-order finite elements
would enable the use of hp-adaptive strategies, which have known advantages over h-adaptive
schemes in many casés.

Second, the capability of efficient time-dependent analysis is being added to the present
scheme. Effective time integration, which is essential in a large-scale nonlinear analysis, will
be achieved using high-order singly implicit Runge-Kutta (SIRK) methods [37].

Finally, we intend to extend and apply the methodology described in this paper to the
coupled multiphase transient analysis of InP high-pressure crystal growth systems. The
difficulties entailed in the realistic analysis of the full LEC system including all the important
effects are enormous, and we believe that the current methodology serves as an excellent

framework for such simulations.
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Feature Shakib Bottasso Hauke & Present
etal [4] etal [2) Hughes [3]
Space-time GLS X X X X
Viscous flows X X X
N.S. egs. + Boussinesq approx. X
Compressible-incompressible X X
Three dimensions X X
Unstructured meshes X X
Parallel implementation X X
Adaptivity X X
Boundary-layer error indicator X

Table 1. Comparison of computational features used in three previous works and in the

present work.
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1. Flowchart of the overall solution procedure.
2. Scalability of the numerical scheme.

3. Flow over plate: finite element meshes. (a) Initial mesh, (b) Final mesh, after two

steps of adaptive refinement.

4. Flow over plate: finite element results. Contour lines are shown for (a) density, (b)

Mach number, (c) temperature, (d) pressure.

5. Flow over plate: partitioning of the mesh to 8 paraliel processors. (a) Initial mesh

partitioning, (b) final mesh partitioning.

6. Melt flow of InP: finite element meshes. (a) Initial mesh, (b) vertical section through
mesh after one adaptive refinement, (c) vertical section through mesh after a second

adaptive refinement, (d) final mesh.

7. Melt flow of InP: mesh partitioning, with 8 processors. (a) Initial mesh partitioning,

(b) final mesh partitioning.
8. Melt flow of InP: temperature contour lines in the vertical yz plane, for Gr=3.3-10%.

9. Melt flow of InP: velocity pattern in the vertical yz plane. (a) Gr=3.3 - 104, (b)
Gr=3.3 - 10°, (c) Gr=3.3 - 10°.

10. Melt flow of InP: velocity distribution in the horizontal pla,ne z = 3.2, slightly

below the top surface of the melt.
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