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ABSTRACT

We develop a mathematical model for the oxidation of silicon carbide in a crack
or pore. The model consists of a nonlinear partial differential system that is solved by
adaptive finite element software that automates many of the computational decisions.

1. INTRODUCTION

Oxidation shortens the life of ceramic matrix composites by, €.g., changing the
elastic properties of the medium, reducing bonding strength due to a loss of fiber coat-
ings, and weakening fibers through reaction [1-3]. Composite materials are protected
by coatings; however, cracks that form as a result of thermal or other loading may
expose the matrix and fibers to hostile environments. We present a model for the oxi-
dation of a cracked silicon carbide (SiC) matrix that is exposed to a hot gaseous mix-
ture of oxygen and water. The gases diffuse into the matrix and react with the SiC to
form a layer of silicon dioxide (SiO;) between the gaseous mixture and the SiC. The
oxidation proceeds into the composite at a rate that is controlled by the solid-state
diffusion of oxygen and/or water vapor in SiO,. Phase transformations due to the
oxidizing reactions are accompanied by a volume expansion that causes the viscous
SiO, to flow and fill the crack [1-3]. This may reduce damage to the composite. The
model, consisting of a nonlinear partial differential system, is solved by adaptive finite
element software [4] with capabilities for unstructured mesh generation and combina-
tions of automatic mesh refinement/coarsening (h-refinement), method-order variation
(p-refinement), and mesh motion (r-refinement). Adaptivity helps control numerical
accuracy and track moving material boundaries; hence, it provides an effective tool for
solving “oxidation and related [5] composite fabrication problems. The model and its
solution by the adaptive software produce an efficient way to predict and understand
changes in the chemical, physical, and mechanical properties of composites that will
eventually lead to improved design and longer material life. -




2. OXIDATION MODEL

Following {2,3], we expose a SiC matrix to O, and H,0O that are absorbed into
the matrix and react with SiC according to the overall reaction

38iCsy + 504, = 35i0y , + COy  +2C0 ), (1a)

SZC(S) + 3H2O(g) - SZ‘OZ(” + CO(g) + 3H2(g)' (lb)

These reactions occur at the interface between SiC and SiO, with O, and H,0
diffusing through SiO, to reach the fronts.

The solid matrix consists of a mixture of reactants and products. Let the mass
m; (g) of chemical species i at time ¢ in a control volume ¥ be '

m(t) = j:pYi do, i=1,2,7, @

where p is the density of the mixture, ¥; is the mass fraction of species /i and dw is a
volume element. Indices of the seven species invoived in the reactions are listed in
Table I. Considerations of mass conservation of species i yield

dm; cr- '

— =—|J;-ndoc - pY,-v'nd0'+Lq-dco, i=12--7, (3a)
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where S is the boundary of ¥, m is a unit outer normal to S, do is a surface element,
v is the mixture velocity, and g; and J; are, respectively, the mass production rate and
diffusive flux of species i. Assuming Fickian diffusion and regarding the position of
a material point x as a function of ¢ and its initial spatial location X, we have

vxn = EEL 3, - b ver) (3b,0)

with D; being the diffusivity of species i in the mixture and V being the gradient
operator.

Applying the divergence theorem to (3a) while using (2) and (3¢) yields
d(pY;)
de

=V-D,V(pY) - pY,V-v+4;, X€Q), t>0, (4a)

where
d(pY;)  dpY))
dt ot

is the material derivative and Q(¢) is the spatial region occupied by the medium at
time £.

+v-V(ply), (=127, (4v)

Since mass production rates during high-temperature oxidation are much faster
than diffusive rates, we assume all reactions are irreversible, isothermal, and have
rates that are linear in each concentration to obtain
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gs=Q@wi+wMs, g¢=-3wMg, q7=3wyM7 (5a-g)
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The parameters &, and k, are the rate constants for rate-controlling steps in reactions

(la,b) and M, denotes the molecular weight of species i =1, 2, -+, 7 (cf. Table I).
Thus, pY;/M;, is the concentration of species i in mol/cm-.

where

Table I. Index and molecular weight M; (g) of species i.

Species O, CO CO, SiC  S8Si0, H,O H,
i 1 2 3 4 5 6 7
M, 32 28 44 40 60 18 2

Assuming that a control volume ¥ contains only chemical constituents without
voids between the compounds, Adjerid et al. [5] show that
; .
VoveS L4 +V-D,VpY,], x€Q, t>0. ©6)

i=l Pj

where p; is the theoretical density of species i. In typical situations, there is very lit-
tle free 0,, H,, H,0, CO, and CO, in the matrix; therefore, it is reasonable to
neglect the pY; terms on the right of (6) for i = 1, 2, 3, 6, 7. Additionally, D4 and
D 5 are negligible so (6) becomes
3 G
Vev= 3 —. Q)

i=4 Pji

The oxidizing reactions (1) are accompanied by nearly a 120% volume expan-
sion that induces forces on the matrix causing it to flow. We assume that the material
is capable of viscous deformation and describe its motion by the Navier-Stokes equa-
tions

p%‘;- + v[-%% +V-(ev)}=V-T (8a)

where the traction matrix T has components
Ty = (- - AV VS /_?_v_i ﬁ k. l=1223 {8H)
=P +A V)k]*!"'\axl"'axk)s s b = 1y Ly 2 oY

with A and p being Lamé parameters, p being the pressure, and 8y being the
Kronecker delta.

Initially, the matrix only contains SiC’; thus, the initial conditions are

0, i #4
Y;(X,G)={L joa 155207, WX0) =0, pX0)=0. ®



Boundary conditions prescribe the crack surface as traction free
T-n=0, xelI', £>0. (10a)
On planes of symmetry and in the far field, we prescribe
via=0, n-Viv-(v-nn]=0, D;V(pY)n=0, i=12--7.
(10b-d)

The rate of absorption and desorption of gaseous species i is assumed proportional to
the deviation of ¥; from its maximum solubility s; in Si0,, i = 1, 2, 3, 6, 7; thus,

DV(EY)n=-0,(5,Y —s), i=1,2,3,67 xel, t>0, (10e)

where T is the surface of the crack and ¢;(x,z) is a saturation function as described in
Section 3.
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Figure 1. A two-dimensional SiC matrix containing a crack.

3. APPLICATION

We consider an idealized crack in a two-dimensional SiC matrix (cf. Figure 1)
that is exposed to oxygen; thus, reaction (1b) is not present and 7,0 and H, are not
involved. With the geometry of Figure 1 and the specified reactants, we prescribe

—0.075zh (x)[1 + tanh(10(x; — 2.5)1, i =1,
6;(x,2) =30, i=6 (10
0.5x 107%z[1 + tanh(z x 10%)], i=2,3,7

where z = ¥; —5; and A (x;) is half of the thickness of the crack at horizontal coordi-
nate x,. The topmost equation simulates a decrease in flux as the crack width nar-

rows; the middle equation signifies that water vapor is not present in this example;
and the bottom equation is a sharp but continuous transition from no flux to a satura-
tion value. :




A dimensionless version of the partial differential system (4, 5, 7-10) is solved
using adaptive finite element software that has capabilities for automatic h-, p-, and/or
r-refinement [4,5]. Although p-refinement is very efficient [4], we use hr-refinement
with piecewise linear polynomials (p = 1). The r-refinement is used to follow evolv-
ing reaction zones and track the solid-gas interface as the matrix expands. The h-
refinement is used to increase solution resolution near sharp transitions. Adaptive h-
refinement is guided by two elemental error indicators: 1, is a mean-square average
of jumps in 6pY,/n across the edges of element A and (, is a similar average of
jumps in the components of 6v/on [6]. Letting 7] and C, respectively, denote averages
of Ny and &, over all elements, we refine those elements where my > 1.87 or
€, > 2.2C. A vertex is scheduled for coarsening when the error indicators on all ele-
ments containing it are less than 0.37 and 0.7C. When this occurs, the low-error ver-
tex is moved (‘‘collapsed’’) to its neighboring vertex having the largest interior angle.
This eliminates elements and coarsens the mesh. Badly shaped elements that may
result from r-refinement are eliminated by a combination of edge swapping (exchang-
ing the diagonal of the quadrilateral formed by two triangular elements) and vertex
collapsing [6]. The variable-step, variable-order time integration [4-6] was performed
with a temporal error tolerance of 107 and was halted every five time steps to exam-
ine the error indicators and refine, coarsen, or move the mesh as necessary.

In order to overcome spurious pressure oscillations that arise in an (essentially)
incompressible medium, we introduce an ‘‘artificial compression’” and solve

5 4.
2 yv=y X | (11a)
d i=4 Pj

instead of (7b). This stabilizes the viscous flow while not greatly affecting accuracy
when ¢ is small. We choose

-a-LZ
 usDis

where L (= 0.7 um) is the length of Q (cf. Figure 1), ps is the viscosity of Si0,, and
T was selected as 1075,

(11b)

Dimensionless variables are obtained by scaling x by L, p by ps, ¢ by Ds,/L 2
and p by sl 2/eDs,). Using symmetry, we solve a problem on the upper half of
the matrix shown in Figure 1. Those parameter values avajlable in the literature [7] at
an operating temperature_of 1100°C are D = 6.6 x 10713, Dg =3.6x 1071 (m¥s),
Ba= 3.2, ps =22 (g/em?), and A5 = us = 10> (Ns/m?). The remaining parameters
were estimated relative to these. For example, we selected A4 = py = 10" Ns/m? and
assumed that the Lamé parameters for the mixture varied linearly between their SiC
and SiO, values in the reaction zone; thus,

A=po=ps+ (g - BT s : (12)
The higher values of the Lamé parameters for SiC simulate its greater stiffness (at
1100°C) relative to SiO,. The value of the reaction rate ki was selected as
2% 10~%m3/s to ensure diffusion dominance. Increasing or decreasing this value
yielded similar results with sharper or more diffuse reaction zones, respectively. We
assumed- that the diffusivity. of CO. and CO, in SiO, is faster than that of O, and
selected Dy =Dz = 1079 %/s. Finally, maximum solubility limits were chosen as
5; = 10~ , i =1,2,3. Those parameters that remain unspecified are irrelevant to this
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Figure 2. Mass fraction of SiC at ¢t = 0.2, 1.77, and 3.6 min. Lighter shades indicate
a high concentration of SiC and darker ones indicate a low concentration.

application.

The concentration of SiC and the corresponding adaptive meshes at ¢ = 0.2,
1,77, 3.6 min are shown in Figure 2. In Figure 3, we show the pressure with velocity

vectors superimposed at ¢ =3.6 min. The relative mass and volume changes
m(¢)/m (0) — 1 and Q(¢)/Q(0) — 1 appear as functions of ¢ in Figure 4. The oxidation



Figure 3. Pressure and velocity vectors at ¢ = 3.6 min with lighter shading indicating
higher pressures.
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Figure 4. Total relative mass (left) and volume (right) changes vs. time.

front advances into the SiC matrix and SiO, flows into the crack to ultimately close
it; thereby, reducing the gaseous diffusion into the matrix (cf. Figure 2). Figure 3
displays a qualitatively correct high pressure in the reaction zone and a flow of SiO;
into the crack. The meshes of Figure 2 indicate that the adaptive software is placing
fine meshes in the reaction zone where variables are changing rapidly while using
coarse meshes elsewhere. The results of Figure 4 agree with experimental results
[1,2] which predict that the system is diffusion-controlled; thus, indicating parabolic
mass and volume change rates. Densities approach their correct theoretical values
once reactions have passed.

4. DISCUSSION

We have developed a reaction-diffusion model to analyze the oxidation of
ceramic -composites. When used with_adaptive finite element software, the model
predicted qualitatively correct chemical and mechanical behavior and quantitatively
correct mass gain. Our model displays a closing crack, which should inhibit




oxidation. We will integrate this software into an overall mechanism-based design
system [8] that will simplify future analyses. Computational results will be compared
with existing [1,2] and planned experiments.

Several improvements are possible. We are testing a model for the gaseous flow
in the crack that contains a combination of Fickian and Knudsen diffusion. We will
also include oxidation by H,O as described herein. Coated and uncoated fibers will
be added to the matrix with their associated reaction and surface diffusion models.
Parameter studies will endeavor to determine how damage varies with crack geometry
and operating conditions. Solving contact problems as the crack closes is an essential
capability that must be developed. With this, elastic, visco-elastic, and/or visco-plastic
deformations should be investigated and possibly included in the mechanical model.
With these, it should be possible to predict the formation of cracks in the SiO, as oxi-
dation progresses and stress patterns change. Coupling these micro-scale models with
macro-mechanical models that anticipate the behavior of the composite structure are
also envisioned [8].
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