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ABSTRACT
A stabilized finite element formulation for fluid dynamics

using mesh-entity based hierarchical basis functions is presented.
The effect of element topology on solution quality and algorithm
efficiency are carefully studied. The numerical formulation is
presented in the context of thep-version finite element method
for the 3 dimensional, incompressible Navier Stokes equations.
A simple flow where analytical solution exists is studied and re-
sults are presented that verify the theoretical convergence results.
The higher order simulations are compared to traditional linear
basis finite element methods. Each methods cost in attaining a
fixed level of accuracy is assessed and cubic hexahedral elements
are seen to be the most efficient.

INTRODUCTION
Over the last two decades, stabilized finite element meth-

ods have grown in popularity, especially in application to
fluid dynamics. Starting with the SUPG method (Brooks &
Hughes, 1982), through the Galerkin/least squares (GLS) method
(Hugheset al, 1989) and up to recent work on multiscale meth-
ods of (Hugheset al, 1998) and related work on residual free
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bubbles by (R´usso, 1996) and (Brezziet al, 1997), a number of
stabilized formulations have been proposed. A key feature of sta-
bilized methods is that they have been proven (for relevant model
problems) stable and to attain optimal convergence rates with re-
spect to the interpolation error (Franca & Frey, 1992; Hugheset
al, 1989). This implies that as the polynomial order of the under-
lying finite element basis is increased, the error in the numerical
solution will decrease at the same rate as the interpolation error.

To achieve cost effective simulations, however, some com-
bination ofh- and p-refinement is necessary for problems with
discontinuities (Oden, 1994). Smooth regions of the flow bene-
fit from p-refinement, while regions with discontinuities or sharp
layers are better resolved usingh-refinement. The present work
is concerned with the development of an efficient uniformp-
version stabilized finite element code for the compressible and
incompressible Navier-Stokes equations, with the later goal of
non-uniformp� as well ashp�adaptive simulations. To com-
plete simulations in a reasonable amount of time, the implemen-
tation relies heavily on the use of parallel computers using the
MPI library for interprocessor communication.

The hierarchical basis that we have chosen is based on an
abstract mesh data structure (Beall & Shephard, 1997), where
basis functions are considered to be attached to the individual
topological entities of the mesh. Mesh entity based hierarchical
basis functions support non-uniformp refinement of meshes of
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arbitrary element type, e.g. tetrahedral, hexahedral, and pyramid.
To gain this generality, we have dispensed with the traditional
finite element mesh data structures consisting of only element
nodal connectivity (Hughes, 1987) in favor of a more general
and complete topological adjacency mesh representation. More
detail concerning the hierarchical basis used herein can be found
in (Whiting & Jansen, 1999).

There has for many years been an ongoing debate related
to the accuracy of hexahedra versus tetrahedra (similar debates
continue about wedges as well) when using traditional Lagrange
basis (usually withp � 2). Herein we re-examine this debate
with regard to the hierarchic basis where much higher polyno-
mial order can be easily considered.

The incompressible Navier-Stokes equations
Stabilized finite element methods have been proven to be

stable and higher-order accurate for a linear advective-diffusive
system (the closest model problem to the Navier-Stokes equa-
tions) in (Hugheset al, 1989) and for the linearized incompress-
ible Navier-Stokes equations in (Franca & Frey, 1992). These
types of formulations have also proven effective for comput-
ing complex compressible and incompressible turbulent flows
(Jansen, 1999), wherein lies the target application of the present
work. The higher-order accuracy properties as well as the ro-
bustness on complex flows have motivated our choice of finite
element formulation. We first provide the strong form of the
incompressible Navier-Stokes equations, followed by a descrip-
tion of the finite element method used to discretize the associated
weak form.

Strong form
Consider the application of the mesh entity based hierarchi-

cal basis functions (described above) to the time-dependent, in-
compressible Navier-Stokes equations. First, consider the strong
form of the continuity and momentum equations written in the
so-called advective form (Gresho, 1991)

ui�i � 0

u̇i �u jui� j ��p
�i � τi j� j � fi (1)

whereui is theith component of velocity,p the pressure divided
by the densityρ (assumed constant),fi the prescribed body force,
andτi j the viscous stress tensor given by:

τi j � ν�ui� j �u j�i� (2)

whereν � µ
ρ is the kinematic viscosity, and the summation con-

vention is used throughout (sum on repeated indices).

Weak form – Finite element discretization
To proceed with the finite element discretization of the weak

form of the Navier-Stokes equations (1), we first introduce the
discrete weight and solution function spaces that are used. Recall
thatΩ̄�RN represents the closure of the physical spatial domain,
Ω�Γ, in N dimensions; onlyN � 3 is considered. The boundary
is decomposed into portions with natural boundary conditions,
Γh, and essential boundary conditions,Γg, i.e.,Γ � Γg �Γh. In
addition,H1�Ω� represents the usual Sobolev space of functions
with square-integrable values and derivatives onΩ.

SubsequentlyΩ is discretized intonel finite elements,Ω̄e.
With this, we can define the discrete trial solution and weight
spaces for the semi-discrete formulation as

S p
h � fvjv��� t� � H1�Ω�N � t � �0�T ��vjx�Ω̄e

� Pp�Ω̄e�
N �

v��� t� � g onΓgg� (3)

W p
h � fwjw��� t� � H1�Ω�N � t � �0�T ��wjx�Ω̄e

� Pp�Ω̄e�
N �

w��� t� � 0 onΓgg� (4)

P p
h � fpjp��� t� � H1�Ω�� t � �0�T �� pjx�Ω̄e

� Pp�Ω̄e�g (5)

wherePp�Ω̄e� denotes a polynomial basis complete to orderp.
Let us emphasize that the local approximation space,Pp�Ω̄e�,
is the same for both the velocity and pressure variables. This
is possible due to the stabilized nature of the formulation to be
introduced below. These spaces represent discrete subspaces of
the spaces in which the weak form is defined.

The stabilized formulation used in the present work is based
on that described by (Tayloret al, 1998), but is modified to in-
clude the higher-order basis functions. Given the spaces defined
above, we present the semi-discrete, stabilized, Galerkin finite
element formulation applied to the weak form of (1) as:

Findu � S p
h andp � P p

h such that

B�wi�q;ui� p� � 0

B�wi�q;ui� p� �
Z

Ω
fwi �u̇i �u jui� j � fi�

�wi� j ��pδi j � τi j��q
�iuigdx

�
nel

∑
e�1

Z
Ω̄e

fτM�u jwi� j �q
�i�Li � τCwi�iu j� jgdx

�
nel

∑
e�1

Z
Ω̄e

fwi
∆
ujui� j � τ̄∆

ujwi� j
∆
ukui�kgdx

�

Z
Γh

fwi �pδin� τin��qungds

(6)
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for all w � W p
h andq � P p

h . The boundary integral term arises
from the integration by parts and is only carried out over the por-
tion of the domain without essential boundary conditions. We
have usedLi to represent the residual of theith momentum equa-
tion,

Li � p
�i� τi j� j � fi (7)

The fourth line in the stabilized formulation, (6), represents the
typical stabilization added to the Galerkin formulation for the
incompressible set of equations (Franca & Frey, 1992). The first
term in the third line of (6) was introduced by (Tayloret al, 1998)
to overcome the lack of momentum conservation introduced as
a consequence of the momentum stabilization in the continuity
equation. The second term on this line was introduced to stabilize
this new advective term. The stabilization parameters for conti-
nuity and momentum are defined in (Whiting & Jansen, 1999).

Numerical examples
This section presents numerical simulations using the meth-

ods described above. The accuracy of the method is first verified
on a problem with a known analytical solution. A second ex-
ample is then provided to demonstrate the ability of higher-order
basis methods to attain more accurate simulations for substan-
tially less cost.

The simulations described below were all performed
with the full three-dimensional code. To simulate the two-
dimensional flows described below, we have used two vertices
in thex3 direction and imposed nox3 velocity and zero viscous
flux through thex3 planes; i.e.,u3 � 0�τi3 � 0. The depth in the
x3 direction was set equal to a characteristic length in the prob-
lem.

Kovasznay flow
The first example we wish to consider is an analytic solu-

tion known as Kovasznay flow (Kovasznay, 1948) which was de-
vised to resemble the flow behind a grid. We will use this flow
to demonstrate the convergence of the method since we have a
closed form analytical expression for the exact solution, given
by:

u1 � 1� eλx1 cos�2πx2� (8)

u2 �
λ
2π

eλx1 sin�2πx2� (9)

with

λ �
Re
2
�

r
Re2

4
�4π2 (10)

and we have taken Re� 40 for the present study. The flow is con-
sidered on a rectangular domain of 0� x1 � 1 and� 1

2 � x2 �
1
2

with the exact solution imposed as an essential boundary condi-
tion in the inflow and upper and lower walls, while the pressure
was set at the outflow. The qualitative behavior of the solution is
depicted in Figure 1 which shows contours of fluid speed for the
cubic tetrahedral simulation on the 21�21 mesh.

0.0 0.5 1.0
-0.5
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0.5

Figure 1. KOVASZNAY FLOW. CONTOURS OF FLUID SPEED FOR

CUBIC SIMULATION ON 21�21MESH

A convergence study was performed for this flow to de-
termine the accuracy of the method while varying the element
topology, the mesh size,∆x1, and the polynomial order of the
basis. Figures 2(a) and 2(b) show the log of the normalized
L2 error in the velocity field versus log�1�∆x1� and polynomial
order, respectively. From Figure 2(a) we have determined the
rates of convergence of the tetrahedral elements to be 1.97, 3.00,
and 3.93 for the linear, quadratic, and cubic simulations, respec-
tively. In (Whiting & Jansen, 1999) results for the error inH1

also showed optimal convergence rates (i.e.O�hp�). The hexa-
hedral elements achieve the theoretical predictions for the inter-
polation errorO�∆xp�1

1 � (which yields 1.99, 3.00, and 3.81 for
linear, quadratic and cubic respectively).H1 norms for hexahe-
dra also show optimal convergence (not shown here). Further-
more, it is clear from Figure 2(a) that the constant in the error
estimate also greatly improves for the higher-order simulations,
making the higher polynomial order basis most attractive even
on the coarsest meshes. Finally, we point out that hexahedral el-
ements have a better constant than the tetrahedra (there error is
lower than the tetrahedra for any given mesh), though the dif-
ference is not easily seen in this figure. Figure 2(b) demonstrates
the exponential convergence of the method when∆x1 is fixed and
the polynomial order is increased.

The under-performance of the linear tetrahedra, relative to
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tri-linear hexahedra has been observed in the past. This under
performance is offset to some degree by issues such as geometric
flexibility and reduced cost to integrate and solve. We now turn
our attention to this issue.
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(a) log of L2 error vs. log(1�∆x1). � ; p � 3, � ; p � 2, ;
p� 1, solid line; hex, dashed line; tet.
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(b) log of L2 error vs.p. Solid line; hex, dashed line; tet.

Figure 2. KOVASZNAY FLOW CONVERGENCE STUDY.

It is somewhat difficult to get a fair cost comparison on 2D
problems when using a 3D code. This is due to the fact that the
cost of element formation and solving the resulting system does
not scale in the same way for tetrahedra and hexahedra. Further-
more, the cost of the higher polynomial order methods will be ad-
versely affected by adding modes to the third dimension (where
no resolution is needed). Still, we would like to make some es-

timates of the relative cost and efficiencies of these methods and
so we consider three cost indices.C1 will be associated with the
cost of forming a left hand side (LHS) (residual tangent matrix)
(C1 � n f � n2

shp � nint) that is, the number of face elements (n f )
that a 2D solver would use times the number of shape functions
(nshp) on one of the 2D elements times the number of integration
points (nint) required to accurately integrate each 2-D element.
C2 will be associated with the cost of forming a right hand side
(RHS) residual vector (C2 � n f � nshp � nint). C3 will be associ-
ated with the cost of performing the linear solve with an iterative
method (C3 � nk � �nv � nnzv � ne � nnze � n f � nnz f ) where the
subscriptsnv�ne� andn f correspond to the total number of ver-
tices, edges and faces respectively (in an equivalent 2D domain)
andnnzv�nnze� andnnz f correspond to the predictable (only on
this structured mesh) non-zero fill pattern associated with each
entity andnk is the total number of Krylov vectors used by the
iterative solver. This last cost is appropriate because we have
employed a sparse-storage solver which, for each Krylov vector,
performs anAp product by only multiplying the non-zero entries
of A timesp.

Of particular relevance is the value of each of these cost
measures when trying to obtain a solution of a specified accu-
racy. Consider the case where the quadratic and the linear bases
attempt to achieve the same accuracy as the cubic basis on the
coarsest hexahedral mesh (5� 5 points). The results of these
cost studies are illustrated in Table 1. From this Table it is clear
that, for this level of accuracy, the cubic simulation is the most
cost effective for almost all cost measures considered. For ma-
trix formation costs,C1, the higher order approaches enjoy only
a slight advantage. This is to be expected since element matrices
grow nonlinearly (i.e.n2

shp) so that despite the reduction in the
number of elements required to attain a given accuracy, this cost
remains relatively constant. This issue can be mitigated by not-
ing that it is not necessary to form the element stiffness matrix at
every time step. We have observed that, once past the first few
steps, where the tangent to the residual changes rapidly, the LHS
can be stored and reused for 10 or more steps/iterations. This
effectively takes this cost out of the problem. This is important
since otherwise, asp rises, LHS matrix formation can become
the dominant cost. Even unsteady problems can typically fol-
low this strategy though greater care must be taken to ensure that
convergence within a given step is not compromised. The second
cost index,C2, shows a significant cost reduction for increasingp
(factor of 12-15 more for linear (hexes or tets) than cubic hexes).

Though we have a rather complicated RHS to form (viz. (6))
the total cost of our calculations are often dominated by the iter-
ative solver. Therefore,C3 is often an important cost to con-
sider. Here, we see an even more dramatic increase in compu-
tational effort asp decreases. While one expects the equations
to get more stiff as the polynomial order increases we observe
that the accuracy attained more than offsets the cost. It is impor-
tant to note that decreasing element size also results in element
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stiffness and lower order methods must undergo many more sub-
divisions to obtain the same accuracy of the higher polynomial
orders, increasing the number of iterations required and increas-
ing the number of degrees of freedom in the system, both direct
contributors to the cost of solution.

Also note from this table that tetrahedra are also less cost ef-
ficient than hexahedra according to all three cost indices (except
for the quadratic tets forC2). Again we have interpolated the
real tetrahedral data to fictional meshes that would achieve the
same level of accuracy as the coarsest, cubic hexahedral mesh
according to Figure 2(a).

The same calculations were repeated to determine the cost
of obtaining solutions with the same total error as the next finer
(11�11 point) cubic hexahedral mesh. The results (not shown
here) showed an even more dramatic advantage for the cubic el-
ements relative to quadratic and linear elements. This is not sur-
prising since cubics not only enjoy the fastest rate of convergence
but they also have the best constant. These attributes allow them
to consistently use enough fewer elements to offset the increase
in stiffness associated with increasing polynomial order. Hex-
ahedra continued to enjoy some computational advantage over
tetrahedra due to the fact that the a hex’s element degree of free-
dom count rises slower than that of a tet.

Table 1. KOVASZNAY RELATIVE COST COMPARISON, EXTRAPO-

LATING DATA TO FICTIONAL MESHES WHICH WOULD ACHIEVE THE

SAME ACCURACY AS THE CUBIC HEXAHEDRA (5�5POINTS).

Topology p C1 C2 C3

Hex(5x5) 3 1.00 1.00 1.00

Hex(10x10) 2 1.27 1.90 1.84

Hex(49x49) 1 4.00 12.0 30.1

Tet(5x5) 3 1.04 1.25 2.00

Tet(10x10) 2 0.95 1.90 2.08

Tet(51x51) 1 3.66 14.6 83.4

Lid-driven cavity flow
The final problem considered is the steady, two-dimensional

flow inside a closed container driven by it’s lid. The lid slides
to the right across the top of the cavity, shearing the fluid and
setting up a recirculation region. There is a primary vortex in
the center of the cavity and secondary eddies in the lower corner
(the number of these secondary eddies depends on the Reynolds
number). While there is no exact solution available for this flow,
the singularities in the corners provide a very different challenge
to the method than the Kovasznay flow. For the present study, we
have chosen to considerRe � 400 (based on the lid velocity), for

which there exist well-established benchmark results with which
to compare (Ghiaet al, 1982).

In addition to the velocity constraints (no slip on walls and
unit velocity on the top), the pressure field is constrained by set-
ting its value at the single vertex in the lower left corner of the
cavity. Uniform meshes were used with equal spacing in thex1�
andx2� directions. To isolate the singularities in the upper cor-
ners, nested local mesh refinement was used by subdividing the
original corner elements. The number of new corner elements
was chosen such that the first point is 3�90625�10�4 units from
the corner for each mesh. This distance dictates the extent to
which the discontinuity in the velocity field is resolved (i.e. how
much fluid is “leaked” from the cavity).

A cost comparison study similar to the Kovasznay flow
study was carried out for the lid-driven cavity flow (see the ve-
locity profiles that are of the same quality in Figure 3(a) and Fig-
ure 3(b)). The simulations, along with the second and third cost
indices are shown in Table 2. Again, the cubic simulations show
a dramatic advantage relative to all other choices on all cost in-
dices. Hexahedral elements enjoy an efficiency advantage even
though we are using three meshes with identical point placement.
This is due to the fact that they have a slower rate of growth in
terms of degrees of freedom per element as polynomial order
increases. Here we have also provided information comparing
the memory requirements and disk storage required for the sim-
ulations. The “Matrix” column of Table 2 indicates the number
of nonzero blocks for the sparse storage of the tangent matrix
(the dominant memory requirement), indicating that the memory
requirements for the cubic hexahedral simulation are about 28
times less than that of the linear hexahedral simulation (tetrahe-
dra are slightly better at only 22 times the memory), while the
quadratic requires about a factor of 9 times the memory for both
topologies. The “Mesh” column compares the size of the file that
stores the coordinates and connectivity of the mesh. Here again,
we see a dramatic advantage for the coarse, very accurate cubic
hexahedral element over all other topologies. We also see that
tetrahedral elements require a larger connectivity than their hex-
ahedral counterparts for all polynomial orders. This well known
result for linears extends to the hierarchical basis.

Conclusions
A stabilized finite element method using hierarchical basis

functions applied to the incompressible Navier-Stokes equations
has been presented. Though the implementation is for unstruc-
tured three dimensional meshes (hexahedral or tetrahedral), two
dimensional problems were studied with the goal of assessing
the cost versus performance of various combinations of element
topology and polynomial order (p � 4). From the problems stud-
ied in this paper it was clear that the cubic hexahedral elements
were the most cost effective regardless of the cost measure (LHS
formation, RHS formation, iterative solve, runtime memory, or
disk storage) and regardless of the level of accuracy desired (e.g.,
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Table 2. LID-DRIVEN CAVITY NORMALIZED COST COMPARISON

Mesh p C2 C3 Mesh Matrix

11�11 hex 3 1.00 1.00 1.00 1.00

41�41 hex 2 6.00 29.7 6.96 9.29

161�161 hex 1 21.3 480 52.3 27.8

11�11 tet 3 1.25 1.47 1.81 1.38

41�41 tet 2 6.00 31.9 10.6 9.04

161�161 tet 1 24.0 457 75.1 21.6

u1 or x1

u 2
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x 2

0

0

0.5

0.5
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(a) Qualitatively similar so-
lutions for hexes.
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(b) Qualitatively similar so-
lutions for tets.

Figure 3. LID-DRIVEN CAVITY FLOW. PLOTS OF u1�x1 � 0�x2� AND

u2�x1�x2 � 0�, (�) LINEAR ON 161�161MESH, (	 ) QUADRATIC ON

41�41MESH AND (� ) CUBIC ON 11�11MESH, ( ) GHIA et al.

even on very coarse meshes). It should be pointed out, however,
that asp increased, tetrahedral elements closed the gap and are
capable of attaining exponential convergence. This is important
since the most robust automatic mesh generators and the most
straightforward adaptivity methods still rely on tetrahedral ele-
ments when dealing with complex geometry. However, it was
also observed that tetrahedral elements add degrees of freedom
more rapidly than hexahedral elements asp increases.
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A. Rússo, “Bubble stabilization of the finite element meth-
ods for the linearized incompressible Navier-Stokes equations”,
Comp. Meth. Appl. Mech. Engng., 132 (1996) 335–343.
C. A. Taylor, T. J. R. Hughes, and C. K. Zarins, “Finite element
modeling of blood flow in arteries”,Comp. Meth. Appl. Mech.
Engng., 158 (1998) 155–196.
C. H. Whiting and K. E. Jansen, “A stabilized finite element
method for the incompressible Navier-Stokes equations using a
hierarchical basis”,International Journal of Numerical Meth-
ods in Fluids, accepted (1999), SCOREC Report 9-1999, Sci-
entific Computation Research Center, Rensselaer Polytechnic
Institute, Troy, NY.

6 Copyright  2000 by ASME


