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SUMMARY

A stabilized, mixed �nite element formulation for modelling viscoplastic �ow, which can be used
to model approximately steady-state metal-forming processes, is presented. The mixed formulation is
expressed in terms of the velocity, pressure and state variable �elds, where the state variable is used to
describe the evolution of the material’s resistance to plastic �ow. The resulting system of equations has
two sources of well-known instabilities, one due to the incompressibility constraint and one due to the
convection-type state variable equation. Both of these instabilities are handled by adding mesh-dependent
stabilization terms, which are functions of the Euler–Lagrange equations, to the usual Galerkin method.
Linearization of the weak form is derived to enable a Newton–Raphson implementation into an object-
oriented �nite element framework. A progressive solution strategy is used for improving convergence for
highly non-linear material behaviour, typical for metals. Numerical experiments using the stabilization
method with hierarchic shape functions for the velocity, pressure and state variable �elds in viscoplastic
�ow and metal-forming problems show that the stabilized �nite element method is e�ective and e�cient
for non-linear steady forming problems. Finally, the results are discussed and conclusions are inferred.
Copyright ? 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Many important forming processes, such as rolling and extrusion, can be e�ectively modelled
by assuming that the process is approximately steady state and modelling the material as purely
viscoplastic, i.e. neglecting elasticity, see, for example, the works of Dawson [1], Kobayashi
et al. [2] and Maniatty and Chen [3]. While such formulations cannot predict elastic e�ects,

∗Correspondence to: Antoinette M. Maniatty, Department of Mechanical, Aerospace and Nuclear Engineering,
Rensselaer Polytechnic Institute, 110 8th Street, Troy, NY 12180-3590, U.S.A.

†E-mail: maniaa@rpi.edu

Contract=grant sponsor: National Science Foundation and U.S. Department of Defense—Department of the Air Force,
Wright Laboratory; contract=grant number: DMI-9634920

Received 26 September 2001
Copyright ? 2002 John Wiley & Sons, Ltd. Revised 1 March 2002



186 A. M. MANIATTY AND Y. LIU

such as residual stresses, they can provide useful information about the �ow �eld, stresses
during deformation, forces required for forming, and evolution of the material state.
In the modelling of forming processes using the �nite element method, especially three-

dimensional processes, it is important to have a �exible method to balance accuracy and
e�ciency. Galerkin methods applied to incompressible material behaviour, typical for metals
at large strains, in the setting of a mixed �nite element method must ful�l the Ladyzenskaya–
Babuska–Brezzi (LBB) condition to achieve unique solvability, convergence and robustness
[4]. This places severe restrictions on the choice of the solution space. Without balancing
the interpolation functions according to the LBB condition, large errors or oscillations may
appear in the solution. Stabilized �nite element methods avoid these limitations providing
greater �exibility in choosing interpolation functions.
Galerkin methods applied to convection-dominated problems also frequently result in non-

physical oscillations in the solution, see, for example, References [5, 6]. Several procedures
have been proposed to handle convection-dominated problems. The most common methods
are streamline upwind Petrov–Galerkin (SUPG) methods [7–11] and discontinuous Galerkin
methods [12, 13]. In SUPG methods, the weighting function used in the �nite element for-
mulation is not the same as the interpolation function, but rather is the interpolation function
plus an additional mesh-dependent term. The form of the additional function can be derived in
a number of di�erent ways with similar results. In discontinuous Galerkin methods, discon-
tinuous interpolation functions are used and interelement continuity conditions are satis�ed
in a weak sense. Stabilized �nite element methods have also been successfully applied to
convection-dominated problems and result in a formulation identical to that obtained with
SUPG methods.
Stabilized �nite element formulations, in general, consist of adding mesh-dependent terms to

the usual Galerkin method. Those terms are functions of the residuals of the Euler–Lagrange
equations evaluated elementwise. From the construction, it follows that consistency is not
a�ected since the exact solution satis�es both the Galerkin term and the additional terms. Sta-
bilized �nite element methods have been used to handle instabilities due to incompressibility
in linear problems in both solid and �uid mechanics, for example, see References [14, 15].
Recently, Klaas et al. [16] have applied the stabilized �nite element method to hyperelastic-
ity, and the results show the e�ectiveness of this method for nearly incompressible, non-linear
large deformation problems. Maniatty and co-workers [17] have presented a stabilized mixed
�nite element formulation for solid viscoplastic �ow problems. However, in that work, they
did not study the state variable evolution, which may also need stabilization in an Eulerian for-
mulation because of the convection term. Stabilized �nite element methods have been shown
to be e�ective for convection-dominated problems, see, for example, References [6, 18].
In this paper, the stabilized �nite element method is extended to handle a three-�eld

(velocity, pressure and state variable �elds), steady, viscoplastic �ow problem. The goal
for the remainder of this paper consists of developing a comprehensive presentation for
solving problems involving very non-linear material constitutive relations with state vari-
able evolution. The next sections are organized as follows. First, some background is given
and the basic notation and terminology for the governing equations are established. Next,
a brief review of the stabilized formulation for handling the incompressible viscoplastic
�ow problem in an Eulerian con�guration is given. Then, the stabilized formulation for
handling the convective state variable evolution equation is derived. The three-�eld, stabi-
lized formulation is linearized to allow an implementation in a Newton–Raphson scheme.
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Figure 1. Hollow cylinder subjected to
radial velocity.

Figure 2. Mesh of hollow cylinder model.

A progressive solution strategy is described, which is used to improve convergence. Applica-
tions to forming problems are investigated. Finally, the results are discussed and conclusions
are inferred.

2. GOVERNING EQUATIONS

Consider a three-dimensional domain B with boundary @B where the material being deformed
is �owing steadily through the domain. The material is assumed to be isotropic, isochoric
and viscoplastic. In this formulation, elasticity is neglected, thus quantities such as residual
stresses cannot be determined. The governing equations for the boundary-value problem on B
are

div �=0 in B (1)

tr(D)=div v=0 in B (2)

�′ =2�D in B (3)

��=f(�̇; s) in B (4)

ṡ= g(�̇; s) =∇s · v in B (5)

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:185–209



188 A. M. MANIATTY AND Y. LIU

Figure 3. Error in the pressure and state variable �elds as a function of stabilization parameter �.

Table I. Velocity comparison (power law with m=0:05 and �=0:1, �=1:0).

Position (r) 1.0 1.25 1.5 1.75 2.0

vExact 0.1 0.08 0.06667 0.05714 0.05
vFEM 0.1 0.07970 0.06645 0.05706 0.04996

where � is the Cauchy stress tensor, D=sym(∇v) is the rate of deformation tensor, v is the
velocity vector, s is the state variable and ∇ is the gradient operator on B. Furthermore,

�̇=
√

2
3D :D; ��=

√
3
2�

′ : �′; �′= � − 1
3 (tr �)I= �+ pI

where p is the pressure. Equation (1) is the equilibrium equation, Equation (2) enforces
incompressibility, Equations (3) and (4) are the constitutive law �ow rules relating the rate
of deformation to the stress, and Equation (5) is the evolution equation for state variable s
where the second right-hand side is a purely convective term and is due to the steady �ow
assumption. In addition, from the above equations the e�ective viscosity is

�=
f(�̇; s)
3�̇

(6)

The associated boundary conditions are

v= v̂ on @BD (7)

� · n= t̂ on @BN (8)

eT · � · n= �(vo − v) · eT on @BF (9)

s= ŝ on @BS (10)
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Figure 4. Round to round extrusion model.

Figure 5. Mesh for round to round extrusion model.

where v̂ is the velocity speci�ed on @BD, t̂ is the traction speci�ed on @BN, n is the unit
outward normal vector on @B and ŝ is the state variable speci�ed on @BS. Furthermore, Equa-
tion (9) represents a simple, hydrodynamic friction law where @BF is the part of the boundary
with friction, � is the coe�cient of hydrodynamic friction, vo is the tool velocity and eT is a
unit vector tangent to the boundary. Boundary conditions (7)–(9) must be speci�ed on the
entire boundary for each degree of freedom (d.o.f.) without overlap, so @BD ∪ @BN ∪ @BF = @B
and @Ba ∩ @Bb= ∅, for a �= b, a; b=D;N;F. The boundary condition on the state variable s,
Equation (10), need only be speci�ed on the entrance boundary where material is entering
the domain (in a material reference frame, this is the initial condition).

3. STABILIZED FORMULATION

In the standard Galerkin procedure, Equation (1) is multiplied by an arbitrary weighting
function v∗ lying in the space V of kinematically admissible velocities and integrating by
parts yields the usual weak form∫

B
�′ :D∗ dV −

∫
B
p div v∗ dV +

∫
@BF
�v · v∗ dS=Lext(v∗) (11)

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:185–209
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Table II. Principal stresses comparison (unit: MPa).

Element type Penalty (P2=P1) Stabilized (P1/P1) Penalty (P1/P1)

d.o.f 42578 2960 2960

�Imax 20.3 17.9 22.0
�Imin −258:0 −263:0 −284:0
�IImax 14.4 6.35 15.4
�IImin −264:0 −268:0 −293:0
�IIImax −2:72 −4:97 −5:03
�IIImin −273:0 −277:0 −301:0

where

Lext(v∗)=
∫
@BN
t̂ · v∗ dS +

∫
@BF
�vo · v∗ dS

The pressure �eld is indeterminate from kinematics due to incompressibility. The assumption
of incompressible deformation de�nes a constraint equation (2) on the solution for the velocity
�eld. Enforcing it in a weak sense through a weighting function p∗ lying in the space P∫

B
(div v)p∗ dV =0 (12)

In addition, the state variable evolution equation assuming steady �ow (5) provides the third
governing Euler–Lagrange equation. Assuming a weighting function s∗ lying in an admissible
state variable space S yields ∫

B
[∇s · v − g(�̇; s)]s∗ dV =0 (13)

Equations (11)–(13) are a three-�eld mixed formulation which can be put into matrix form
by discretizing the domain and de�ning �nite element interpolations for the velocity, pressure
and state variable �elds. The incompressibility constraint (12) is known to sometimes cause
ill-conditioning which causes spurious pressure modes, and the convection equation (13) is
also known to sometimes cause instabilities resulting in potentially large errors in the solution.
The stabilized �nite element method has been shown to be e�ective in handling both of these
numerical instabilities [6] for linear problems. In this work, the same methodologies are
applied to the non-linear problem de�ned above.
Stabilized �nite element methods are generalized Galerkin methods where terms, which

are functions of the Euler–Lagrange equations (in this paper, Equations (1), (2), and (5)),
are added to enhance the stability of the method. A stabilization method to handle the ill-
conditioning due to the incompressibility constraint has been presented in Reference [17] and
will only be summarized here for completeness. The following Petrov–Galerkin formulation
is de�ned

−
∫
B
(div �) · (v∗ + �∇p∗) dV +

∫
B
(div v)p∗ dV =0 (14)
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Figure 6. Stress �zz (MPa) with stabilization (P1=P1 elements).

where v∗ in Equation (11) has been replaced by v∗+�∇p∗ and the equation has not yet been
integrated by parts. In addition, Equation (12) has been added. The parameter � is a mesh-
dependent stabilization parameter, which is chosen following Reference [14] as �= �h2e=2�,
where he is a characteristic element length for element e, � is a non-dimensional, non-negative,
stability parameter and � is as de�ned in Equation (6). Integrating the �rst term by parts, eval-
uating the stabilization term elementwise, and considering the arbitrariness of the weighting
functions v∗ and p∗ results in the following system:

∫
B
�′ : D∗ dV −

∫
B
p div v∗ dV +

∫
@BF
�v · v∗ dS =Lext(v∗) (15)

∫
B
(div v)p∗ dV +

nel∑
e=1

∫
Be

�h2e
2�
(∇p · ∇p∗ − div �′ · ∇p∗) dV =0 (16)

where Equation (15) is the same as Equation (11) and Equation (16) is same as Equation
(12) with added stabilization terms.
Note in Equation (16), if linear elements are used to interpolate the velocity and the pressure

�elds, the second stabilization term involving the deviatoric stress is zero leaving only the
�rst term. For higher order elements, this term, which depends in a complicated way on the
gradient of the velocity �eld, must be computed. In this work, a local reconstruction method,
following the work presented for 2D Navier–Stokes equations in Reference [19], is used. The
reconstructed term is �′. The divergence of the reconstructed term can then be expressed

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:185–209
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Figure 7. Pressure p (MPa) with stabilization (P1=P1 elements).

Table III. Principal stresses comparison (unit: MPa).

Case (1) Case (2) Case (3)

�Imax 50.6 151.0 51.8
�Imin −101:0 −158:0 −124:0
�IImax 30.8 130.0 30.8
�IImin −104:0 −176:0 −130:0
�IIImax 27.4 114.0 27.7
�IIImin −114:0 −188:0 −138:0

in terms of the element shape functions and the node quantities. This term is reconstructed
to be a continuous variable, in a local sense, using an L2 projection operator performed for
each element. We write the stabilized term with the reconstructed divergence of the deviatoric
stresses as

F(p∗)=
nel∑
e=1

∫
Be

�h2e
2�
div �′ · ∇p∗ dV (17)

In a similar fashion, the convection equation resulting from the state variable evolution equa-
tion will be stabilized using a Petrov–Galerkin-type formulation. Speci�cally, the weighting

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:185–209
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Figure 8. State variable s (MPa) with stabilization (P1=P1 elements).

function s∗ in Equation (13) will be replaced by the following perturbed weighting function:

q∗= s∗ + �e∇s∗ · v (18)

The parameter �e is chosen to be �e=�he=2|v| following Reference [18], where � is a non-
dimensional, non-negative stability parameter similar to � in Equation (16). Thus, the follow-
ing form for the state variable evolution results∫

B
[∇s · v − g(�̇; s)](s∗ + �e∇s∗ · v) dV =0 (19)

The stabilization term in Equation (19) is evaluated elementwise resulting �nally in∫
B
[∇s · v − g( �̇�; s)]s∗ dV +

nel∑
e=1

∫
Be

�he
2|v| [∇s · v − g(�̇; s)](v · ∇s

∗) dV =0 (20)

Note that the stabilization term is a function of the Euler–Lagrange Equation (5), and thus a
solution to Equation (20) will be consistent.
So now the resulting stabilized problem is to �nd (v; p; s) lying in the space V ×P× S that

satis�es Equations (15), (16) and (20). A Newton–Raphson procedure will be used to solve
the non-linear system, and the required linearized formulation follows.

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:185–209
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Figure 9. Stress �zz (MPa) without stabilization (penalty P1=P1 elements).

4. LINEARIZATION

First, we represent Equations (15), (16) and (20) in a short form as

G(v; p; s)(v∗) = Lext(v∗)

R(v; p; s)(p∗) = F(p∗)

T(v; s)(s∗) = 0

(21)

where

G(v; p; s)(v∗) =
∫
B
�′ :D∗ dV −

∫
B
p div v∗ dV +

∫
@BF
�v · v∗ dS

R(v; p; s)(p∗) =
∫
B
(div v)p∗ dV +

nel∑
e=1

∫
Be

�h2e
2�
(∇p · ∇p∗) dV

T(v; s)(s∗) =
∫
B
[∇s · v − g(�̇; s)]s∗ dV +

nel∑
e=1

∫
Be

�he
2|v| [∇s · v − g(�̇; s)](v · ∇s

∗) dV
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Figure 10. Pressure p (MPa) without stabilization (penalty P1=P1 elements).

Linearization of Equation (21) leads to the following system of equations:

a(v; s)(�v; v
∗) + b(�p; v∗) + h(v; s)(�s; v∗) = Lext(v∗)− G(v; p; s)(v∗)

c(v; s)(�v;p
∗)+cstab(v; p; s)(�v;p∗)+mstab(v; s)(�p;p∗)+kstab(v; p; s)(�s;p∗) = F(p∗)−R(v;p)(p∗) (22)

d(v; s)(�v; s
∗) + dstab(v; s)(�v; s∗) + e(v; s)(�s; s∗) + estab(v; s)(�s; s∗)= − T(v; s)(s∗)

where

a(v; s)(�v; v∗) =
∫
B

{
4
9�̇2

[
@f(�̇; s)
@�̇

− f(�̇; s)
�̇

]
[D :∇(�v)]D+ 2f(�̇; s)

3�̇
�D

}
:D∗ dV

+
∫
@BF
��v · v∗ dS

b(�p; v∗) =−
∫
B
�p div v∗ dV

h(v; s)(�s; v∗) =
∫
B

2
3�̇
@f(�̇; s)
@s

�sD :D∗ dV
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Figure 11. State variable s (MPa) without stabilization (penalty P1=P1 elements).

c(v; s)(�v; p∗) =
∫
B
div�vp∗ dV

cstab(v; p; s)(�v; p∗) =−
nel∑
e=1

∫
B

�h2e
9�2�̇2

[
@f(�̇; s)
@�̇

− f(�̇; s)
�̇

]
[D :∇(�v)](∇p · ∇p∗) dV

mstab(v; s)(�p;p∗) =
nel∑
e=1

∫
Be

�h2e
2�
[∇(�p) · ∇p∗] dV

kstab(v; p; s)(�s; p∗) =−
nel∑
e=1

∫
Be

�h2e
6�2�̇

@f(�̇; s)
@s

�s(∇p · ∇p∗) dV

d(v; s)(�v; s∗) =
∫
B

[
∇s ·�v − 2

3�̇
@g(�̇; s)
@�̇

D · ∇(�v)
]
s∗ dV

dstab(v; s)(�v; s∗) =
nel∑
e=1

∫
Be

�he
2|v|

{[
∇s ·�v − 2

3
@g(�̇; s)
@�̇

1
�̇
D · ∇(�v)

]
(v · ∇s∗)

+ (∇s · v− g(�̇; s))(�v · ∇s∗)− 1
|v|2 (∇s · v− g(�̇; s))(v ·�v)(v · ∇s

∗)
}
dV
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Figure 12. Round to square extrusion model.

e(v; s)(�s; s∗) =
∫
Be

[
∇(�s) · v − @g(�̇; s)

@s
�s

]
s∗ dV

estab(v; s)(�s; s∗) =
nel∑
e=1

∫
B

�he
2|v|

[
∇(�s) · v − @g(�̇; s)

@s
�s

]
(v · ∇s∗) dV

All that remains is to de�ne the constitutive functions f and g.

5. CONSTITUTIVE LAW AND PROGRESSIVE SOLUTION APPROACH

The constitutive laws considered herein are a simple power law, which is selected because
an analytic solution can be determined for comparison in the �rst example, and the model
presented in Reference [20]. For the case of the power law, the function f is taken to be

fpower = s
(
�̇
c

)m
(23)
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Figure 13. Mesh of round to square extrusion model.

where c=1:0 s−1, and m=0:05. The function f for the model presented in Reference [20]
can be expressed as

fBKA =
s
	
sinh−1

(
�̇
�A

)m
(24)

where �A=A exp(−Q=R
), R is the ideal gas constant, Q is the thermal activation energy, 
 is
the absolute temperature and A, 	 and m are the material parameters. For 1100 aluminum at
450◦C, the parameters for Equation (24) are �A=4:13× 10−6 s−1, 	=7:00, m=0:23348. For
both models, the state variable evolution equation, de�ned by function g, is taken to be the
one given in Reference [20]

ṡ = g(�̇; s) =
[
h0

∣∣∣1− s
�s

∣∣∣a sign (1− s
�s

)]
�̇

�s = s̃
(
�̇
�A

)n (25)

where h0 = 1115:6 MPa, a=1:3, s̃=18:9 MPa, and n=0:07049.
An issue related to the constitutive law and the numerics is convergence of the Newton–

Raphson iteration. Because the constitutive laws, speci�cally, Equations (23) and (24), consid-
ered herein are highly non-linear, obtaining a trial solution within the radius of convergence
is problematic [21]. In Reference [17], a simple strategy is presented whereby the system
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Figure 14. Stress �zz (MPa) with stabilization(P1=P1 elements).

equations are made progressively more non-linear in a stepwise manner, and the solution
from the previous step is used as the trial solution in the next step. In this method, the trial
solution at each step is within the radius of convergence allowing for rapid convergence with
the Newton–Raphson algorithm. An automatic stepping procedure, similar to an automatic
time-stepping procedure, is used in order to optimize the step size. This same procedure is
used in the examples presented herein. Speci�cally, the following modi�ed forms of Equations
(23) and (24) are used:

f1(t) = s
(
�̇
c

)(m=t)
(26)

f2(t) = (1− t)e−t ŝ�̇+ (1− (1− t)e−t)fBKA (27)

where in Equation (26), m6t61, and in Equation (27), 06t61. Thus, when t is at its
lower limit, the equation becomes linear, and when t is at its upper limit, the fully non-linear
equation is recovered. The parameter t is then varied from the lower limit to the upper limit
progressing from linear to fully non-linear behaviour. The parameter ŝ is the initial value of s
prescribed in @Bs and is taken to be 29:5 MPa in the following examples.

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:185–209
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Figure 15. Pressure p (MPa) with stabilization (P1=P1 elements).

6. NUMERICAL EXAMPLES

The above stabilized formulation has been implemented into an object-oriented �nite element
framework, named Trellis, developed in the Scienti�c Computation Research Center at Rens-
selaer Polytechnic Institute [22]. Hierarchic shape functions are used. In order to provide a
quantitative assessment of the formulations, three examples are investigated: radial �ow in a
cylinder, from which we can compare the �nite element results with the analytical solution,
and two extrusion problems, which will demonstrate more practical applications of this for-
mulation. The system relative convergence tolerance for the Newton–Raphson solver is taken
to be 1.e-6 for the �rst example and 1.e-5 for the remaining examples.

6.1. Hollow cylinder with radial viscoplastic �ow

Figure 1 shows the geometry in this example involving radial plastic �ow in a hollow
cylinder. Radial velocities are speci�ed on the inner radius. The hollow cylinder has in-
ner radius R1 = 1 m and outer radius R2 = 2 m. Owing to symmetry, only one quarter of the
model is considered. For the �nite element analysis, 2445 tetrahedral elements are used (see
Figure 2). The velocity, pressure and the state variable are interpolated with equal order
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Figure 16. State variable s (MPa) with stabilization (P1=P1 elements).

hierarchic shape functions. The solution is sought by applying a non-zero radial velocity and
an initial state variable boundary condition on the inner radius (v̂=0:1ms−1 and ŝ=29:5MPa
on r=R1 = 1 m). The power law model (23) is employed in this example. In order to ver-
ify the computational accuracy of the stabilized �nite element formulation, we test a group
of stabilization parameters �=10−6; 10−5; 10−4; 10−3; 10−2; 10−1 and 1.0. The stabilization pa-
rameter � is �xed at �=1:0 because this has been shown to be optimal for problems involving
pure convection (see, for example, Reference [23]) as is the case here in Equation (5). For
this particular cylindrical steady-state �ow problem, the analytical solution for velocity and
stress �elds is

vr = R1
v̂
r
; �′rr = − ��√

3
; �′

=

��√
3
; ��= s

[
2√
3
R1
v̂
r2

]m

p = −
(
1− 1

m

)
��√
3
− 1√

3m
��R2

�rr =
1√
3m
( ��R2 − ��)

�

 =
(
2− 1

m

)
��√
3
+

1
(
√
3m)

��R2

(28)
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Figure 17. Stress �zz (MPa) without stabilization (penalty P1=P1 elements).

where ��R2 is �� evaluated at r=R2. For the state variable �eld s, combining Equation (25)
with Equation (5) and using the known velocity �eld in Equation (28) yields the following
ordinary di�erential equation:

ds
dr

=
2√
3
h0
r

∣∣∣1− s
�s

∣∣∣a sign (1− s
�s

)
s|r=R1 = ŝ

(29)

which can be solved accurately using the fourth-order Runge–Kutta method.
A discrete sum norm error (SNE) is de�ned to compare the resulting pressure and state

variable �elds from the stabilized mixed �nite element method (SFEM) with the above ana-
lytical solution. The SNE for the pressure is de�ned as

SNE=
1
ŝ

√
1
Kint

Kint∑
int=1

[p(int) − pA(int)]2 (30)

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:185–209



STABILIZED FEM FOR VISCOPLASTIC FLOW 203

Figure 18. Pressure p (MPa) without stabilization (penalty P1=P1 elements).

where Kint is the total number of integration points in the whole domain, p(int) is the pressure
obtained at integration point int by the SFEM, and pA(int) is the analytically determined
pressure at the same point, see Equation (28). A similar relation is de�ned for the state
variable: however, the comparison is with the solution to Equation (29) found using a fourth-
order Runge–Kutta algorithm.
The results for this example are shown in Figure 3 and Table I. Figure 3 shows the SNE

results of the pressure and state variable for di�erent stabilization parameters � and �=1:0.
From the �gure we can see that the SNE for quadratic elements is much smaller than that
of the linear elements, as expected, and they have minimum error at di�ering values of �.
For quadratic elements, the lowest SNE is at �=10−1 for the pressure and at �=10−2

for the state variable �eld. For linear elements, the lowest SNE is at �=0:1 for both the
pressure and state variable �elds. It was also found that for di�erent meshes, these optimal
values for � remained unchanged. Table I gives, at some positions along the radial direction,
a comparison of the radial velocity between the exact (to within round-o� error) solution and
the SFEM solution where linear interpolation functions are used for the velocity, pressure and
state variable �elds. The results are in good agreement with the maximum relative error no
larger than 0.38%. Finally, it should also be noted that a converged solution could not be
obtained when �=0.
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Figure 19. State variable s (MPa) without stabilization (penalty P1=P1 elements).

6.2. Metal extrusion: round to round

Axisymmetric metal extrusion is considered. Figure 4 gives the geometry and boundary condi-
tions for the extrusion problem. The bottom line is the centerline. Faces 2 and 3 are assumed
to be in frictional contact with the die or container. The geometric parameters are: L1 = 0:05m,
L2 = 0:04m, L3 = 0:01m, h1 = 0:005m, h2 = 0:01m. Although the problem is an axisymmetric
problem, it is discretized in three dimensions. One-quarter of the model is considered due to
the symmetry. The model is discretized into 2201 tetrahedral linear elements (see Figure 5)
in which the velocity, pressure, and state variable �elds are interpolated with hierarchic shape
functions. The velocity is applied at the entrance (face 1). The value of the extrusion velocity
on the entrance is v= v̂=0:01 m s−1. The material relation employed in this example is the
model presented in Reference [20], Equation (24).
The stabilization parameter � is chosen based on the result of example 1. Thus, since linear

elements are used in this example, �=0:1, and the stabilized parameter for the state variable
evolution is �=1:0. The coe�cient of friction � is taken to be 1000 MPa s m−1.
The results are shown in Table II and Figures 6–11. For comparison, the analysis was

also performed using a penalty method with �=0, i.e. without stabilization for handling the
incompressibility, and with P1=P1 and P2=P1 elements. For clari�cation, P1=P1 means linear
velocity, pressure and state variable interpolation and P2=P1 means quadratic velocity and

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:185–209



STABILIZED FEM FOR VISCOPLASTIC FLOW 205

Figure 20. Stress �zz (MPa) with friction and stabilization (P1=P1 elements).

linear pressure and state variable interpolation. The number of d.o.f. that must be solved for,
given a �xed mesh, is also listed for each element type in Table II. The penalty parameter used
for imposing the incompressibility for the cases where �=0 was taken to be �× 107, where
� is as de�ned in Equation (6). The integrand of Equation (12) is multiplied by the penalty
parameter and the equation is then added to Equation (11). Table II shows a comparison
of the principal stresses. Since the P2=P1 element is inherently stable and is higher order in
the velocity �eld, it is expected to give the most accurate results. The stabilized results for
the P1=P1 element compare favorably to the higher order, stable, P2=P1 element, but require
solving for an order of magnitude fewer d.o.f. The P1=P1 element without stabilization for
handling the incompressibility condition gives relatively poor results. Figures 6–8 show the
�zz component of the stress, pressure and state variable �elds with stabilization. Figures 9–11
show the �zz component of the stress, pressure and state variable �elds without stabilization.
The oscillations in the stress �zz are evident for the case with the P1=P1 element without
stabilization. It should be noted that the �zz component of the stress is chosen to be shown
because it is along the extrusion direction, and because it includes the pressure contribution
which is where the oscillations are typically a problem. Deviatoric stresses and the von Mises
stress are not shown because they are not strongly a�ected by instabilities resulting from
nearly incompressible behaviour.

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:185–209



206 A. M. MANIATTY AND Y. LIU

Figure 21. Pressure p (MPa) with friction and stabilization (P1=P1 elements).

6.3. Metal extrusion: round to square

A round to square three-dimensional extrusion problem is investigated. Figure 12 gives the
geometry. Owing to the symmetry, only one-quarter of the model is considered. The geometric
parameters are: L=2:0 m, l=1:0 m, R=1:0 m, w=0:25 m. The model is discretized into
5817 tetrahedral elements (see Figure 13) in which a �ne mesh is made around the exit. The
velocity, pressure and state variable interpolation functions are taken to be linear in each case.
The extrusion velocity is applied at the entrance (face 2). The value of extrusion velocity
is v= v̂=0:1 m=s−1. The workpiece is assumed to be in frictional contact with the die and
container (face 3 and surface 4). The material relation employed in this example is again the
model presented in Reference [20], Equation (24).
The stabilized parameter � can be chosen based on the result of example 6.1; thus, the stabi-

lization parameters are selected to be �=0:1 and �=1:0. The following cases are considered
for this example:

(1) No friction, with stabilization, i.e. �=0:0, �=0:1 and �=1.
(2) No friction, no stabilization, i.e. �=0:0, �=0:0 and �=0:0.
(3) With both friction and stabilization, i.e. �=100:0 MPa s−1 m−1, �=0:1 and �=1.
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Figure 22. State variable s (MPa) with friction and stabilization (P1=P1 elements).

The results are shown in Table III and Figures 14–22. Table III shows a comparison
of the principal stresses. Figures 14–16 show the �zz component of the stress, pressure and
state variable �elds for case (1), i.e. with stabilization and without friction. Figures 17–19
show the �zz component of the stress, pressure and state variable �elds for case (2), i.e.
without both stabilization and friction. The results without stabilization show oscillations in the
stress and pressure �elds, which can also be seen in the range of the principal stresses (see
Table III). Figures 20–22 gives the results for stress, pressure and state variable �elds in
case (3) with both friction and stabilization.

7. CONCLUSIONS

This paper presents a three-�eld (velocity, pressure, and state variable), stabilized, mixed
�nite element formulation for modelling metal-forming problems. The formulation considers
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the standard mixed �nite element equations for viscoplastic �ow with a convection-type state
variable equation. The incompressibility condition and the convection equation associated with
the state variable evolution are sometimes sources of instability. Two mesh-dependent stabi-
lization terms, associated with the pressure and state variable �elds, are added to the usual
Galerkin formulation. These terms are functions of the residual of the Euler–Lagrange equa-
tions and are added elementwise to enhance the stability of the three-�eld mixed �nite element
formulation. Linearization of the weak form is derived to enable a Newton–Raphson imple-
mentation into an object-oriented �nite element framework. A progressive solution strategy is
used for improving convergence.
Numerical examples using very non-linear material constitutive laws, typical for metals, are

presented in this study. The results for velocity, stress, pressure and state variable show the
e�ectiveness of the stabilized method. The stabilized results for the P1=P1 element compare
favorably to the higher order, stable, P2=P1 element, but require an order of magnitude fewer
degrees of freedom. Thus, signi�cant computational savings are realized by using stabilized
P1=P1 elements. The P1=P1 element without stabilization gives poor results, as expected.
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