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SUMMARY

In this article we will develop spatial filters required in the dynamic model of small-scale turbulent

fluid motions in large-eddy simulation with finite elements. The characterization of these finite element

filters is crucial because it is seen to have an impact on incompressible Navier-Stokes simulation results.
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1. INTRODUCTION TO SPATIAL FILTERS

Large-eddy simulation (LES) is a technique for computation of turbulent flows where the large-

scale component of the flow, carrying most of the energy, is resolved by the computational

method, and the small-scale residual component is often dynamically modeled. The majority

of research on large-eddy simulation has been carried out with spectral or structured grid

finite difference methods. However, recently Jansen [4] has implemented LES with a stabilized
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finite element method on unstructured grids (i.e. arbitrary connectivity). Here we will focus

on developing and understanding spatial filters specific to finite elements required for the

dynamic model of the residual component of the flow. We will do this within the context of

the incompressible Navier-Stokes equations to be discussed in section 2. But first, let us discuss

the fundamental ideas behind filtering.

The general spatial filtering operation, introduced by Leonard [5], is defined as

ū(x, t) =

∫
G(y; x) u(y, t) dy. (1)

The filter kernel G(y; x) is centered about the point y = x and is chosen to have small

compact support in y thereby reducing the region of integration to be much smaller than the

flow domain. The simplest filter kernels are symmetric in y about x and are homogeneous

implying that the shape of the kernel remains constant as y = x varies. Hence, they can be

expressed as G(r), where r = x − y. Furthermore, these filters are normalized such that they

preserve constant functions.

Homogeneous, symmetric filter kernels can be defined in one dimension. Multi-dimensional

filters are often obtained by sequential applications of the one-dimensional filters. A commonly

used homogeneous, symmetric, non-negative filter is the box filter. Consider a random function

f(x) characterized by high frequencies. With the box filter, the filtered function f̄(x) is simply

the average of f(x) over the interval (x−h/2, x +h/2). Thus, the box filter kernel centered at

y = x takes on the value of 1/h over the previously mentioned interval and is zero elsewhere.

The filtered function f̄(x) follows the general trends of the original function f(x), but the

short fluctuations of length scales approximately equal to h have been damped for the box

filter. This admits a natural way of characterizing filters by their width. The width of the box

filter is defined as ∆ = h and serves as a reference for calculating the widths of other filters.
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Lund [7] defines the width of other homogeneous, symmetric, non-negative filters as

∆ =

(
12

∫
∞

−∞

r2G(r) dr

)1/2

. (2)

Note that evaluating the previous expression with G(r) given by the box kernel results in

∆ = h, precisely the defined width of the box filter.

In this article we will encounter three-dimensional filters that do not arise from sequential

applications of one dimensional filters. Hence, the widths of these more general filters cannot

be computed using (2). Instead, we define a second alternative for computing the filter width.

This alternative is based on the filter transfer function defined as the Fourier transform of the

filter kernel scaled by 2π. In addition to possessing a purely real transfer function, it can be

shown that for a homogeneous, symmetric kernel, a filtered function in Fourier space is given

as

ū(k, t) = G(k)u(k, t), (3)

where the filter transfer function, G(k), takes on the value of one at k = 0 and usually decays

to zero as the magnitude of k (denoted as the radial wavenumber, kr) increases. Because the

transfer function G(k) is real, it only operates on the amplitude component of the complex

Fourier transform of u(x, t), denoted as u(k, t), leaving the phase component untouched. The

magnitude of the wavenumber vector k is inversely proportional to scales of motion represented

by u(x, t). Thus, by inspection of (3), scales small enough to fall where the transfer function

vanishes are filtered out, and scales large enough to fall where the transfer function is one

are preserved. Scales in between the two previous extremes are damped. These characteristics

allow us to define the filter width as the size of scales corresponding to the average radial

wavenumber k∗

r , for which the filter transfer function assumes a specified value between 0 and

1. Consequently, the filter width is set as ∆ = π/k∗

r .
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2. THE DYNAMICALLY MODELED NAVIER-STOKES EQUATIONS

Consider applying a homogeneous, symmetric filter (herein referred to as the primary filter)

with kernel Ḡ and width ∆̄ to the Navier-Stokes equations. Homogeneity and symmetry of

the primary filter allow for commutation between the filtering and differentiating operations.

Consequently, the filtered Navier-Stokes equations are rendered as:

∂ūi

∂xi
= 0

∂ūi

∂t
+

∂ūj ūi

∂xj
= ν

∂2ūi

∂xj∂xj
−

∂τd
ij

∂xj
− 1

ρ

∂P̄

∂xi
.

(4)

In these equations, ūi(x, t) is the component of the filtered velocity field in the i-th direction,

ρ is the fluid density, and ν is the kinematic viscosity. Filtering the Navier-Stokes equations

gives rise to a closure problem in the form of an unknown residual stress tensor τij reflecting

the effect of the filtered out residual scales on the resolved scales. The deviatoric or traceless

component of this tensor appearing in (4) is defined as

τd
ij = τij −

1

3
τkkδij = (uiuj − ūiūj) −

1

3
(ukuk − ūkūk)δij . (5)

Furthermore, the modified filtered pressure also appearing in (4) is defined as P̄ = p̄ + ρτkk/3,

where p̄ is the filtered pressure.

A model for τd
ij was developed by Germano et al [3] and Lilly [6] based on Smagorinsky’s

approach [9] of expressing the deviatoric portion of the residual stress tensor as

τd
ij = −2C∆̄2|S̄|S̄ij. (6)

In the previous expression, ∆̄ (the width of the primary filter with kernel Ḡ) is the approximate

size of damped scales, C is the Smagorinsky coefficient,

S̄ij = (ūi,j + ūj,i)/2 and |S̄| = (2S̄ijS̄ij)
1/2. (7)
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It is important to note that the left side of (6), given by (5), and the right side of (6) are

trace-free, thus consistent. This need was first recognized by Deardorff [2] who subtracted out

the trace from the residual stress tensor so that the resulting tensor, τd
ij, would vanish just

as the Smagorinsky model would when indices i and j are contracted (i = j). The coefficient

C∆̄2 is computed dynamically as

C∆̄2 =
1

2

< MijL
d
ij >

< MklMkl >
, where Mij = |̂S̄|S̄ij −

(
ˆ̄∆

∆̄

)2

| ˆ̄S| ˆ̄Sij, (8)

and Ld
ij = Lij −

1

3
Lkkδij = (̂̄uiūj − ˆ̄ui ˆ̄uj) −

1

3
(̂̄ukūk − ˆ̄uk ˆ̄uk)δij . (9)

The hat symbol denotes explicit application of a homogeneous, symmetric, secondary filter

with kernel Ĝ and width ∆̂. This second filter is often referred to as a test filter. The brackets

denote averaging over spatially homogeneous directions when present, although the model is

still applicable when not, as is the case for truly complex flows. Lastly, ˆ̄∆ denotes the width

of the homogeneous, symmetric filter resulting from the convolution of the primary and test

filters. The kernel of the resultant filter is denoted as ˆ̄G.

3. TEST FILTERS ON FINITE ELEMENTS

Consider the application of the box filter as the test filter used to compute the dynamic model

coefficient C∆̄2 in (8). In [4], a box filtered function at a node 0 (located at x0) on any mesh

topology is generalized as

f̂(x0) =
1

meas(Ω0)

∫

Ω0

f(y)dy, (10)

where Ω0 is the union of elements which share node 0. In the following sub-sections, we define

and characterize discrete filters arising from quadrature approximations of (10).
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3.1. The discrete box filter on regularly connected hexahedral elements

The box filter on regularly connected hexahedral finite elements can be reduced to a sequential

application of the one-dimensional box filter in the x, y and z-directions. Thus, it is sufficient

to discuss the one-dimensional counterpart of (10). Assuming a constant local mesh size h

and approximating the filter integration using Gauss quadrature rules, the filtered function

becomes

f̂(x0) =

J∑

i=−J

Wif(xi), (11)

where J is determined by the quadrature rule. The filtered function at x0 is expressed as a

linear combination of the original function evaluated at quadrature points located within the

two elements sharing node 0. The quadrature point locations are given as xi = x0 + αih,

and x−i = x0 − αih, where the coefficients 0 < αi < 1 are determined by the quadrature

rule. Furthermore, the weights are non-negative, symmetric (ie. Wi = W−i), and sum to one,

characteristics which yield a symmetric, non-negative, constant preserving family of discrete

filters. The family of discrete kernels corresponding to these discrete filters can be expressed

as

Ĝ(r) = h

J∑

i=−J

Wiδ(r + αi), (12)

where δ(x) is the Dirac delta function. The previous relation (12) can be inserted into (2) to

obtain a general expression for the filter width,

∆̂ = h

(
12

J∑

i=−J

Wiα
2

i

)1/2

, (13)

on structured (i.e. regularly connected) hexahedral elements.

The filters shown in (12) will be referred to as standard filters on hexahedral elements. A

second family of filters can be obtained from the sequential application of the standard filters
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and a second filter defined once again by the expression in (10), but this time approximated

with the trapezoidal rule. The widths of these filters are greater than the widths of the standard

filters, hence they will be referred to as wide filters. Although not shown here, the kernels and

widths of the wide filters can be computed similarly to the procedure outline above for the

standard filters. Figure 2 contrasts the transfer functions of typical standard and wide filters.

3.2. The box kernel on regularly connected tetrahedral elements

Application of the filter in (10) on tetrahedral elements cannot be simplified to a sequential

application of one-dimensional filters. For simplicity, consider test filtering a function on the

regularly connected triangles shown in Figure 1. Approximating the integral in (10) with one-

point Gauss quadrature (where now Ω0 is the union of triangles sharing node 0) leads to:

f̂(x0) =

3∑

i=−3

Wif(xi). (14)

Here, all of the Wi = 1/6 except for W0 = 0. The xi denote the locations of the quadrature

points except for x0 = (0, 0, 0) which denotes the location of node 0. The regularity of the

mesh guarantees that x−i = −xi, and together with the symmetry of the weights give rise to

a purely real transfer function:

Ĝ(k) =

3∑

j=−3

Wj cos(k·xj). (15)

The filter width in this example can be computed as ∆̂ = π/k∗

r , where k∗

r is obtained as the

average radial wavenumber corresponding to a constant value of Ĝ(k). When plotted versus

the components of k, Ĝ(k) = constant results in a contour shaped similar to an ellipse. In the

case of regularly connected tetrahedral elements, the corresponding contour is shaped similar

to an ellipsoid.
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The filters shown in (15) will be referred to as standard filters on tetrahedral elements. A

similar procedure to that outlined in the previous sub-section can be performed to obtain a

second class of filters, which we will referred to as wide filters. These wide filters can also be

expressed as (15), thereby enabling the computation of their widths.

4. NUMERICAL CONSIDERATIONS AND THE DYNAMIC MODEL

Because any numerical discretization would operate on the modeled filtered equations (given

by (4), (6), (7), (8) and (9)), applications of the filters with kernels Ḡ and ˆ̄G do not appear

explicitly in the discretized modeled filtered equations. Yet, computation of the dynamic model

in (8) requires knowledge of the widths of these two filters in the form of the filter width ratio

α = ˆ̄∆/∆̄ in (8). Although it does not appear explicitly, the filter kernel Ḡ is inherently

present in the discretization because the discretization itself filters scales smaller than the

scales present at its resolution threshold. If linear finite elements are used, the size of these

scales is approximately equal to the mesh (grid) size which is why un-resolved residual motions

are often referred to as subgrid-scale motions. However, ∆̄ (the width of Ḡ) cannot be taken

as simply the mesh size, and it as well as ˆ̄∆ (the width of ˆ̄G) may depend on an unknown

combination of the test filter, the dynamic model computations, the mesh size, the polynomial

order of the basis functions, and the stabilized finite element method, which together comprise

the numerical discretization. The stabilized method used here is the Streamline Upwind Petrov-

Galerkin (SUPG) method as described in [10]. Thus, we are left with one question: How can

we compute the filter width ratio α = ˆ̄∆/∆̄ correctly? The application of the test filter with

kernel Ĝ and width ∆̂ does appear explicitly in the calculation of (8) and can help assess the

filter width ratio α. In earlier sections we showed how to calculate ∆̂ on a regularly connected
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mesh. In the next section we will make use of this information by re-defining the filter width

ratio on these types of meshes as,

α =
ˆ̄∆

∆̄
= κ

∆̂

h
, (16)

where h is the approximate size of scales resolved by the discretization, and κ is a positive

parameter that may potentially depend on the the implicit filter due to numerical discretization

(Ḡ) and the test filter. In re-defining the filter width ratio by introducing (16), we are

attempting to clarify its dependence on the test and implicit numerical filters. As results

will show, the only question in setting α will be that due to the unknown implicit numerical

filter, reflected through κ. The dependence of α on the test filter will be fully understood.

5. LES OF DECAYING ISOTROPIC TURBULENCE

5.1. The test problem and numerical discretizations

In the up-coming sub-sections we perform simulations of the decay of isotropic turbulence, a

flow which is independent of translation and rotation at all scales. Our results are compared to

the experimental data of Comte-Bellot and Corrsin [1], who tried to represent isotropic motions

decaying in time because of a lack of kinetic energy production (in the absence of shear flows)

to balance the viscous dissipation. They experimentally measured the energy spectra (defined

as the energy contained in scales of motion inversely proportional to the radial wavenumber

kr) at three non-dimensional time stations, t = 42, t = 98, and t = 172. The simulations

are initialized such that the velocities match filtered experimental energy spectra at t = 42

and results are compared with filtered experimental energy spectra at t = 98. An LES cannot

practically represent all scales in a turbulent flow, which is why the experimental data is filtered
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with a filter of width approximately equal to the size of scales resolved by the discretization. A

direct numerical simulation (DNS) would be able to represent all of the scales, however, such

a simulation would require a finer mesh than an LES.

Due to the flow’s homogeneity in any direction, the problem domain can be taken as a cube

of sides 2π periodic in the x, y, and z-directions. The domain is split by 333 evenly spaced

points serving as the vertices of regularly connected hexahedral or tetrahedral elements. These

discretizations yield a constant mesh size hl = 2π/32.

5.2. LES on regularly connected hexahedral elements

Two sets of simulations of decaying isotropic turbulence were performed using the hexahedral

mesh described earlier with piecewise tri-linear basis functions. The first set of simulations was

performed with the box filter serving as the test filter approximated by a one-point quadrature

rule yielding a discrete filter of width ∆̂ =
√

3 hl computed using (13). First, κ in (16) was

set to one yielding a filter width ratio α =
√

3, assuming that the approximate size of scales

resolved by the discretization is hl. Then (by trial and error) it was found that κ should

be
√

3/2 in order to better match filtered experimental data, yielding a filter width ratio

α =
√

9/4 =
√

2.25. The results of this set of simulations are plotted in Figure 3a. The second

set of simulations was performed using the test (or box) filter approximated by an eight-point

quadrature rule, yielding a discrete filter of width ∆̂ =
√

4 hl. First, κ = 1 was set yielding

α =
√

4 and then κ =
√

3/2 was set yielding α =
√

3. The results of this set of simulations are

plotted in Figure 3b. We conclude that because the same value for κ is optimal for both filter

choices, the test filter does not impact the results as long as its width is computed consistently,

and therefore κ only characterizes the implicit numerical filter (Ḡ).
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The two previous sets of simulations used the standard filters described in sub-section 3.1.

To further validate our conclusion about κ, we performed simulations using the wide filters also

discussed in sub-section 3.1. Setting κ = 1 and then κ =
√

3/2 yielded nearly indistinguishable

results from the ones depicted in Figure 3.

Simulations of decaying isotropic turbulence were also performed using the tetrahedral mesh

described earlier. Similar to the results of the hexahedral simulations, these results proved to be

independent of the test filter as long as its width is consistently computed with the definition

discussed in section 1 and sub-section 3.2. Standard as well as wide filters were used as test

filters.

6. CONCLUSIONS AND CURRENT RESEARCH

New spatial test filters arising when dynamic model LES is implemented on hexahedral and

tetrahedral regularly connected meshes were developed. These filters depend on quadrature

rule, the mesh size, and polynomial space used in the simulation. We performed simulations

with different test filters arising from the different quadrature rules. However, despite the

different filters used, results are invariant as long as the filter widths are consistently computed

with definitions given. This is an important conclusion because as was originally discussed

in [7], often in literature such as [8], differences in simulation results have been incorrectly

attributed to using test filters of different shapes as a result of not computing test filter widths

with a proper definition. It is important to note that results are invariant to test filters on

a set or fixed topology. Results can vary as we move from LES on a hexahedral mesh to a

tetrahedral mesh regardless of whether or not the test filter width is consistently computed.

The filter width definitions studied here are well suited for filters on regularly connected
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meshes. We are currently studying how these definitions perform when the meshes are

not regularly connected. In addition, we are studying filters whose widths are not strongly

dependant on the mesh size h such as the width of the discrete filters presented here, which

can be seen from equation (13).
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Figure 1. Sketch of regularly connected triangles.

Copyright c© 2000 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2000; 00:1–6

Prepared using cnmauth.cls



14 A. E. TEJADA-MARTINEZ, K. E. JANSEN

−3 −2 −1 0 1 2 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

G
(k

h
)

kh

Figure 2. Transfer functions for standard and wide filters on regularly connected hexahedral elements.

−−: standard filter using 1-pt. quadrature approximation of (10); −−: wide filter resulting from two

sequential applications of (10) approximated by 1-pt. quadrature and the trapezoidal rule, respectively.
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Figure 3. Energy spectra versus radial wavenumber, kr, at t = 98. (a) 1-pt. quadrature on the test

filter; �: experimental data; −−: LES with α =
√

3; −−: LES with α =
√

2.25. (b) 8-pt. quadrature

on the test filter; �: experimental data; −−: LES with α =
√

4; −−: LES with α =
√

3.
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