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Summary: 
 
Surgical therapy in the cardio-vascular system aims at restoring blood flow to compromized organs 
and tissues at physiological conditions. The goal is to avoid reverse flow and low shear areas as these 
are indicators for recurrent cardiovascular disease. Alternate treatments cannot be tested in the 
patient and since the surgeon does not have the optimal design tools he traditionally bases the 
therapy exclusively on medical imaging and his own experience. 
 
In presenting an integrated software tool which assists the physician in constructing and evaluating a 
combined anatomic/physiologic model to assess the outcome of alternative treatment plans for an 
individual patient we establish a new paradigm of predictive medicine. The tool integrates medical 
imaging, geometric modeling, discretization, FEM-based computational fluid dynamics as well as 
scientific visualization. 
 
This presentation will first summarize our work in the fields of medical imaging and image processing, 
geometric model generation, mesh generation, numerical simulation and visualization by using 
concrete physiological examples. We will then focus on the numerical method used and their 
optimization. The complex 3D geometry of the cardiovascular system and the pulsatile nature of blood 
flow require an efficient discretization method. We present a SUPG-method using linear tetrahedra for 
the incompressible Navier-Stokes equations. We increase the method’s efficiency by an anisotropic 
mesh adaptation procedure by around one order of magnitude in terms of computer time and memory 
requirements. We demonstrate our method using a selected number of physiologic models as for
example a stenotic porcine aorta as well as a human aortic model. 
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1 Introduction 
In the predictive medicine paradigm we have proposed [1], a physician would use diagnostic data to 
reconstruct a model of an individual’s anatomy and physiology, and then use simulation techniques, 
implemented in a Simulation-Based Medical Planning software system, to predict the response of the 
patient to alternate treatments under different physiologic states. Specifically, physicians could 
evaluate the efficacy of a treatment plan on the basis of predicted functional data including flow rate, 
pressure losses, shear stress (correlated to disease processes), and in the future, the probability that 
clots will form or intimal thickening (leading to blockages in vessels and grafts) will develop. 
 
Clearly, the success of predictive medicine techniques is dependent upon how reliably the 
mathematical model reflects the actual anatomy and physiology of the individual and on how efficiently 
the simulations can be performed. Patient-specific anatomic models are derived from 3D imaging 
techniques including CT and MRI using image segmentation and surface extraction methods. Image-
based geometric models can be constructed from the extracted surfaces. The overall patient-specific 
physiologic model is an abstract model based on the equations governing blood flow and on patient 
specific diagnostic data, e.g. measurements of blood flow and pressure. Once the patient-specific 
preoperative model is created, the consequences of treatments can be predicted using numerical 
methods with postoperative models that reflect the proposed treatments.  
 
Section 2 summarizes the steps we take from acquiring medical imaging data to the geometric vessel 
model generation. This includes image segmentation and surface extraction as well as image-based 
geometric modeling. Section 3 discusses the finite element modeling of hemodynamic flow. In section 
4 we present the anisotropic mesh adaptation method that we use to enhance the flow solver. In the 
last section we demonstrate the efficiency of our numerical method by comparing wall shear stress 
(WSS) values (a challenging but important quantity in the understanding of cardiovascular disease) 
obtained on uniformly refined meshes to those obtained on anisotropically adapted meshes for various 
models.  
 

2 Software Frameworks for Image Based Geometric Modeling 
In this section we will first discuss image segmentation along with surface extraction and then focus on 
image based geometric modeling. 
 

2.1 Image segmentation and surface extraction 

Geometric image segmentation algorithms rely on the deformation of an initial geometry towards 
image features. Because these methods can be controlled in a way that produces topologically-closed 
geometric results which are well-suited to geometric modeling problems, we are actively developing 
algorithms for image-based model construction using the level set method. One distinguishing 
characteristic of the level set method is that as a result of its Eulerian perspective, the method can 
handle arbitrary changes in the topology of evolving geometries. For example, for a 3D level set 
simulation, when a given segmentation is initialized with multiple seed geometries the level set           
method accommodates the potential collision and merging of these geometries without modification.  
 

2.2 Image-based geometric modeling 

We have developed methods for creating geometric models of the vasculature from volume data sets 
based on analytic representations of the vessel surfaces. These geometric models of cardiovascular 
anatomic structures can be created from CT or MR 3D image data, shown in Fig.1, as follows: First, 
vessel centerlines are obtained by the method described in [2]. Then, a set of 2D slice probes 
geometrically defined as rectangles imbedded in 3D space are positioned normal to the centerlines. 
Once a set of slice probes have been defined they can be used to extract a 2D slice of image intensity 
data from a given volumetric data. Segmentation of the vessel lumens for each 2D data slice is then 
performed and results in a set of contours that are interpolated with a curve of an appropriate type: 
circle, ellipse, or spline. A NURB surface is then lofted through the set of curves and capped to create 
a solid model of a vessel. Once several solid models of vessels have been created they can be joined 
together to form a single solid model using a union Boolean operation [3]. Geometric modeling 
operations (skinning, capping and Boolean operations) are performed using the Parasolid (UGS, Inc. 
St. Louis, MO) geometry kernel integrated into our software and accessed via a generic geometric 
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modeling layer. The layer provides the geometric modeling functionality to create curves, surfaces, 
and solids together, and allows operations on them independent of any particular modeling kernel. We 
have applied these methods to create patient-specific models from CT and MRI data sets. These pre-
operative models can be modified using geometric solid modeling operations to include treatment 
plans. Figure 1d) shows geometric models created from MRA data and displays a preoperative model 
and three alternate treatment plans for a case of lower extremity occlusive disease. The pre-operative 
model was then modified manually to reflect the potential treatments. The development of more 
efficient methods to create alternate pre-operative models is a current research topic. 
 

 
 
Figure 1 .  a) Vessel path construction from MRI data, b) 2D slice probes for contour extraction, c) 
surface lofting, d) construction of alternate models. 

 

3 FE-Simulation of Blood Flow 
This section presents the finite element formulation for the transient incompressible Navier-Stokes 
equation governing blood flow. We use a stabilized finite element formulation that has been shown to 
be robust, accurate and stable on a variety of flow problems (see for example [4] and [5]). In particular, 
we employ the streamline upwind/Petrov-Galerkin (SUPG) stabilization method introduced in [6].  
 

3.1 Governing Equations 

The governing equations for blood flow, assuming Newtonian constitutive behavior and rigid blood 
vessel walls, are the transient incompressible Navier-Stokes equations  
 
 , , , , ,0,              .i i i t j i j i ij j iu u u u p fρ ρ τ= + = − + +  (1) 
 
The variables are: the velocity iu , the pressure p , the density ρ , and the viscous stress tensor .ijτ  
The summation convention is used throughout, i.e., sum on repeated indices. For incompressible flow 
the viscous stress tensor ijτ  is modeled by the symmetric strain rate tensor 
 
 , ,( ),ij i j j iu uτ µ= +  (2) 
 
where µ  is the viscosity. Finally, if  is a body force or source term, neglected in arterial flow analysis. 
The above system of equations is supplemented with an appropriate set of boundary conditions that 
are prescribed on the model boundary of the blood vessels. The no-slip condition is imposed on the 
vessel walls that are assumed to be rigid and impermeable. A time varying velocity profile, based on  
physiological values, may be prescribed at the inlet.  A zero exit pressure in a weak sense is imposed 
at the traction-free outlet. 
 

3.2 Flow Solver 

Finite element methods are based on the weak form of the governing equations (1) which is obtained 
by taking the 2 ( )L Ω -inner product of the entire system with weight functions. Integration by parts is 
then performed to shift the spatial derivatives onto the weight functions. To derive the finite element 
discretization from the weak form of (1) discrete weight and solution function spaces must be 
introduced. Let NΩ ⊂ R  represent the closure of the physical spatial domain (i.e., Ω∪Γ  where Γ  is 
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the boundary) in N dimensions; where only N=3 is considered here. The boundary is decomposed into 
portions with natural boundary conditions, ,hΓ  and essential boundary conditions, ,gΓ  i.e., .g hΓ ∪Γ  
In addition, 1( )H Ω  represents the usual Sobolev space of functions with square-integrable values and 
derivatives on Ω . Subsequently Ω  is discretized into eln  finite elements, .eΩ   With this, one can 
define the discrete solution and weight function spaces for the semi-discrete formulation as: 
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( )k eP Ω denoting the space of all polynomials defined on eΩ , complete up to order 1k ≥ . Let us 
emphasize that the local approximation space ( )k eP Ω  is the same for both the velocity and pressure 
variables. This is possible due to the stabilized nature of the formulation to be introduced below. These 
spaces represent discrete subspaces of the spaces in which the weak form is defined. 

The stabilized formulation used in the present work is based on the formulation described in [4]. Given 
the spaces defined above, the semi-discrete Galerkin finite element formulation is applied to the weak 
form of the governing equations (1) as: Find k

h∈u S  and k
hp∈Π  such that 
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for all k

h∈w W  and k
hq∈Π . The boundary integral term arises from the integration by parts and is only 

carried out over the portion of the domain without essential boundary conditions. Since the standard 
Galerkin method is well known to be unstable for equal-order interpolation of the velocity and pressure, 
additional stabilization terms are introduced as follows: Find  k

h∈u S  and k
hp∈Π  such that 
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for all k

h∈w W  and k
hq∈Π . We have used iL  to represent the residual of the ith momentum equation 

 
 , , , , .i i t j i j i ij j iL u u u p fρ ρ τ= + + − −  (6) 
 
The  second term on the right-hand-side in the first line of the stabilized formulation (5), represents the 
typical SUPG stabilization added to the Galerkin formulation for the incompressible set of equations 
(see [7]). The first term in the second line of (5) was introduced in [4] to overcome the lack of mass 
conservation introduced as a consequence of the momentum stabilization in the continuity equation. 
The second term on this line was introduced to stabilize this new advective term. The stabilization 
parameters are described in [5]. 
 
To develop a discrete system of algebraic equations, the weight functions iw  and q, the solution 
variables iu  and p, and their time derivatives are expanded in terms of the finite element basis 
functions. Gauß quadrature of the spatial integrals results in a system of first-order, nonlinear 
differential-algebraic equations. Finally, this system of non-linear ordinary differential equations is 
discretized in time via a generalized-α  time integrator [5], resulting in a non-linear system of algebraic 
equations. This system is in turn linearized with Newton's method which yields a linear algebraic 
system of equations that is solved (at each time step) and the solution is updated for each of the 
Newton iterations. The linear algebra solver of [8] is used to solve the linear system of equations. 
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4 Anisotropic Mesh Adaptation 
The accuracy of the numerical solution  depends on the spatial discretization of the physical domain, 
i.e., on the process of subdividing the domain into a finite number of elements, also referred to as the 
mesh. In general, the desired element sizes in different directions are influenced by the physical and 
geometric features of the problem which can vary significantly. In many physical problems, including 
blood flow, the solution exhibits strong anisotropic features creating a demand for elements which are 
aligned with the solution's anisotropy. In realistic cases such information, required to compute the 
desired solution field to an acceptable level of accuracy, is unknown a priori. An efficient approach to 
overcome this difficulty is to apply an iterative adaptive procedure where the errors introduced due to 
spatial discretization are controlled within a specified tolerance.  An anisotropic adaptive procedure 
modifies the mesh in a way such that the local mesh resolution becomes adequate in all directions. 
 
In this section, we describe the anisotropic adaptive procedure that we employ. We describe the basis 
for the Hessian strategy, a method suited when using linear finite elements, and review the concept of 
mesh metric tensors which is used to represent the desired mesh anisotropy. We then provide the 
details of the anisotropic mesh size field computation.  
 

4.1 General Components 

An adaptive method involves a feed-back process that evaluates the quality of the computed solution 
using a posteriori error estimation. To control the discretization errors mesh modification procedures 
are applied to change the local mesh resolution. The key ingredients of an adaptive meshing method 
include: 
 
- A posteriori error estimation/indication: Estimating and/or obtaining an indication of the 

discretization error based on the quality of the computed solution. See [9] or [10] for a survey. 
 
- Size field construction: Transformation of the error information into a size field information that 

describes the desired mesh resolution over the domain. 
 
- Modifying strategy: Altering the mesh based on the size field information using local mesh 

modifications [11,12] or global remeshing [13,14]. 
 
The above components are general enough to include anisotropic mesh adaptation techniques 
provided each of them incorporates appropriate directional information. The remainder of this section 
elaborates on  these key components, except the last item which has been described in [15,16]. 
 

4.2 Hessian Strategy 

To obtain directional information of the error we use the Hessian strategy [17], a method where the 
field's second derivatives are used to extract information on the error distribution. This directional 
information is converted into a mesh metric field which prescribes the desired element size and 
orientation. Recall that a function which is sufficiently smooth can be expanded into a Taylor series. 
When trying to interpolate that function with a piecewise linear function, the interpolation error will have 
a lowest order error term proportional to the second derivatives of the function, which covers a large 
portion of the discretization error [18]. The interpolation error ,Ke ∞& & in 3D in the L∞  norm defined on 
an element K, given the solution is sufficiently regular, then can be measured as follows [19]: 
 
 , 1 1max  max , ( ) max  max , ( )

K
K x K K x K E

e c H x c H x∞ ∈ ∈ ∈ ∈
≤ ≤& &

v e
v v e e  (7) 

 
where 1c  is a constant independent of element parameters, v  is any vector contained in the element, 

KE is the set of element edges and H  is the absolute value of the Hessian matrix of the solution, i.e., 
consists of absolute eigenvalues. 
 
The Hessian strategy involves the computation of the symmetric matrix of second derivatives that can 
be decomposed as ,TH R R= Λ  where R  is the eigenvector matrix and ( )kdiag λΛ =  is the diagonal 
matrix of eigenvalues (k=1,2,3 in 3D). The directions associated with the eigenvectors kp  are referred 
to as principal directions and the eigenvalues kλ  are then equivalent to the second derivatives along 
the local principal directions. The strategy is based on the idea that a high magnitude of an eigenvalue 
implies a high error in the direction associated with the corresponding eigenvector, so a small element 
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size would be desired in this direction. Conversely, a low eigenvalue magnitude in a particular 
eigendirection suggests that the element size can be large in this direction. 
 

4.3 Mesh Metric Field 

To perform anisotropic mesh adaptation requires a way to define the desired element size distribution 
over the domain. Mesh metric tensors, symmetric and positive definite, are used to represent a size 
field defining the desired mesh anisotropy at a point (see for example, [20]). The associated quadratic 
form , 1M =x x  defines a mapping of an ellipsoid in the physical space into a unit sphere in the  
transformed/metric space. In other words, any vector x  at a point P assumes a unit value where 
distances are measured in the metric space. The stated goal of the mesh adaptation algorithm is to 
yield a mesh with regular elements in the metric space where each edge e  must satisfy the following 
relation: 
 1,M .=e e  (8) 
 
For further details on mesh modifications and element quality measures in the transformed space see 
references [15,16]. The same references also provide the details of the discretization of the mesh 
metric field over the domain along with its implementation. 
 

4.4 Size Field Computation 

A crucial step in the process is the construction of a size field based on the Hessian that can be input 
to the mesh adaptation module. The key point in the construction of a size field is to attempt to 
uniformly distribute the estimated error in all directions. To achieve a suitable mesh resolution in 
different directions, a uniform distribution of local errors is applied in the principal directions which 
leads to 2

k kh λ ε= , where ε  is the user specified tolerance for the error and kh  is the desired size in 
the kth principal direction. To compute the Hessian matrix we reconstruct the second derivatives at 
each node by using the derivative information of the computed solution from the patch S of all 
elements K surrounding a node. In the first step we recover the gradient at node i by taking the volume 
weighted average of gradients on elements in the patch .iS  The same procedure is applied to each 
term of second derivatives to obtain the recovered Hessian matrix.  
 
A mesh metric tensor is then obtained at each node by calculating a scaled eigenspace of the 
recovered Hessian matrix as ,TM R R= Λ  where R  is the eigenvector matrix and / εΛ = Λ  is the 
diagonal matrix of scaled eigenvalues. Truncation values minh and maxh  for mesh sizes are specified to 
limit the eigenvalues. One reason for truncating the element size, in terms of edge lengths, is to avoid 
singular metrics. For example, it is necessary to apply maxh  in case an eigenvalue is zero (or close to 
zero) in the direction where the solution does not vary. The modified eigenvalues of the Hessian matrix 
then become: 

 i 1
2 2
max min

1 1min(max( , ), )   (k=1,2,3).k k h h
λ ε λ−=  (9) 

 
The final mesh metric field is  constructed at each node through multiplication of the diagonal matrix of 
modified eigenvalues ( )kdiag λΛ = ��  with the matrix R  of eigenvectors: TM R R= Λ� . 
 

5 Results 

5.1 Stenotic Porcine Aorta 

We first study the performance of the adaptive method by applying it to the simulation of pulsatile flow 
in a porcine aorta with a stenosis and a bypass graft. The dimensions of the model are approximately 
10cm in length while the vessel's diameter at the inflow is approximately 1.6cm. Blood was modelled 
as an incompressible Newtonian fluid with a constant density of 1.06 g/cm3 and a constant viscosity of 
0.04 dyn s/cm2. The geometric model is shown in Fig. 2a).  The inlet flow is prescribed as a pulsatile 
Womersley flow profile that is based upon PC-MRI through-plane flow rate data, see [21]. Figure 2b) 
shows the velocity at an instant during the cardiac cycle and the inset depicts the velocity profile at a 
point near the centre of the inflow plane for one cardiac cycle (together with the instant the velocity 
snapshot is taken at). 
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a) b)  
 

Figure 2. Model and instantaneous flow field of a stenotic porcine aorta  together with inflow profile. 

We obtain simulation results on five different meshes, four of them being uniform and one being an 
anisotropically adapted mesh. The latter was obtained by first computing the solution on the coarsest 
uniform mesh, then calculating the interpolation error in terms of the Hessians of the averaged speed 
field. The Hessians then are converted into a mesh metric field that in turn is handed over to the mesh 
modification tool box. Figure 3a) shows a clip plane through the adapted mesh and Fig. 3b), bottom, its 
surface. On top of Fig. 3b) we show the surface of a uniform mesh that consists of approximately the 
same number of nodes as the adapted mesh.  
 
The clip plane parallel to the flow direction in Fig. 3a) of the main vessel further illustrates the effect of 
the mesh modification procedure. We observe that slender and elongated elements were created in 
regions where flow speed and also second derivatives are highest, such as near the vessel walls 
(boundary layer effect). This becomes more obvious when comparing Fig. 3a) and the flow field at an 
instant, depicted in Fig. 2b. Other regions where major mesh adaptation takes place (see the zooms in 
Fig. 3a)) are the stenosis area, the re-entrant corners of the model and the main artery where the re-
directed flow impacts on the vessel wall. Typically, element sizes are predominantly small but isotropic 
in the re-entrant corner, reflecting the well known fact that solution behavior near that region tends to 
be nearly singular. Small isotropic elements also dominate the stenosis area, accounting for strongly 
varying flow in that region; for example, back-flow occurs within a particular interval during the cycle. 
 
We analyze the transient behavior of the WSS in two different ways. First, we compare the WSS 
distribution for different meshes at the same instant t during the cardiac cycle with period  tp. Fig. 4a) 
shows the WSS on the model’s surface at instant t/tp = 0.8. Secondly, in Fig. 4b) we compare the time 
dependent behavior of the WSS for the different meshes at one particular point on the vessel wall, 
located near the downstream vessel branching and labeled as P (depicted in Fig. 2a)). The WSS are 
computed on a series of uniform meshes ranging from 3456 nodes to over 857K nodes and on an 
adapted mesh consisting of 42196 nodes. While the WSS values near the stenosis are much higher 
than at the other locations, we observe that in both cases the values heavily depend on the number of 
degrees of freedom that are used for their computation, see Fig. 4. On the coarser meshes the 
calculated WSS generally is too high, whereas the values tend to converge for the finer meshes. Even 
though the convergence is not uniform during the entire cardiac cycle we do observe convergence 
patterns in parts of the cycle. For location P, see Fig. 2, assuming that the finest uniform mesh of over 
857K nodes (corresponding to over 4.7 million tetrahedra) sufficiently resolves all the flow features 
including the derivative quantities, we observe that the anisotropically adapted mesh follows the 
pattern of the finest uniform mesh well in the first half of the cycle but is of slightly lower magnitude 
after the peak in the cycle's second half. 
 
The convergence behavior can be regarded sufficient for the uniform meshes, i.e. the mesh consisting 
of around 217K nodes and the mesh consisting of 857K nodes yield roughly the same results all over 
the cycle. The values of the anisotropically adapted mesh with 42K nodes follow those of the finest 
uniform mesh for the most part. The anisotropic mesh even seems to capture the WSS pattern better 
than the 217K mesh at the beginning of the cycle. Minor inconsistencies occur in the second half of the 
cycle. Considering the complex flow pattern resulting in a convergence behavior which cannot be fully 
classified as spatially and temporally uniform and that is further exacerbated by our attempt to reduce 
errors in WSS in each point on the surface, we still are able to claim considerable gains in 
computational time. Even though stringent margins for a gain factor do not seem appropriate for this 
specific case we do observe that results are far better than those obtained on uniform meshes of twice 
the number of nodes. 
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 a)  b) 
 

Figure 3. Clip plane through anisotropically adapted mesh (42196 nodes) with zooms as well as 
uniform and adapted surface meshes. 

 
And, they are quite close to those obtained on meshes of either 217K or 857K nodes, which supports 
our claim to gain savings of around an order of magnitude with our method.  
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Figure 4. Wall shear stress computed on different meshes. Instantaneous (a) and time dependent (b). 

 
 

5.2 Descending Human Aorta with Iliacs 

We present result for a reduced human descending aorta model including the right and left iliacs, as 
shown in Fig. 5. Again we will compare WSS values obtained on a series of uniformly adapted meshes 
to those obtained on an anisotropically adapted mesh, of which we show clip planes at varoius 
locations in Fig. 5. We observe that anisotropic elements aligned with the flow are created. All the 
locations shown exhibit significant anisotropy in all directions: The zooms at the bottom right of Fig. 5 
display anisotropy in flow direction while the cross sections on top display anisotropy in azimuthal and 
radial direction. Furthermore, we observe a higher mesh density downstream in the iliacs.  
 
In Fig. 6 we analyze the time dependent WSS behavior for a particular point on the vessel surface for 
different meshes. Results are obtained on uniform meshes consisting of around 6K, 33K, 180K and 
1.1M nodes as well as on an adapted mesh of around 99K nodes. We observe that the mesh of 6K 
nodes is far too coarse to capture the WSS behavior while the values of the finest uniform mesh tend 
to have converged and coincide with the values computed on the adapted mesh, hereby suggesting 
savings of around an order of magnitude.  
At this point we would like to point out that at other locations on the wall we observe  similar WSS 
patterns, however, there are locations where the convergence behavior is less obvious. On the other 
hand, we would like to emphasize that the WSS is a derivative field quantity and therefore is subjected 
to a lower convergence rate than the primary field quantities. To reproduce accurate spatial and 
temporal WSS values for pulsatile flow simulations therefore is particularly demanding. Improving 
WSS accuracy by more sophisticated adaptation techniques is a current research topic. 
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Figure 5. Human aortic model togther with segments of the adapted mesh. 

 
 

 
Figure 6. WSS for Human aortic model for different meshes, uniform and anisotropic, together with 

location. 
 

 

6 Summary 
We have presented a software framework that is designed to support our new paradigm of predictive 
medicine where the physician uses computational tools to predict and evaluate the outcome of 
alternate cardiovascular surgical treatments. The tool includes medical imaging and image processing, 
geometric model generation, mesh generation, numerical simulation and visualization.  
 
We have further presented a method by which hemodynamic finite element simulations can be 
enhanced. We have demonstrated how computer time can be reduced and at the same time numerical 
accuracy increased. The method is based on mesh adaptivity and uses error indication together with 
mesh modification techniques. The error indicator uses interpolation estimates that yield information 
on the direction in which the mesh should be refined and in which direction it can be coarsened in 
order to obtain a more accurate solution at considerably reduced costs, at around one order of 
magnitude in terms of computer time and memory. This approach is novel in computational 
hemodynamics where it is generally assumed that the solution field the analyst is interested in is 
accurate enough when it does not change significantly if the underlying computational mesh is 
uniformly refined. This traditional approach is far too costly in terms of computer resources and 
disregards the effect of possible singular values of the solution field and particularly its derivatives, on 
the convergence behavior of the solution. Singularities of that kind are rooted in the finite element 
formulation for a given model, especially for complex geometries such as blood vessels. Moreover, the 
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non-adaptive approach neglects anisotropic behavior of the solution fields such that a fine mesh 
density is used where a coarse density would be sufficient.  
Besides efforts to improve the overall patient specific models, future work will incorporate a more 
stringent error analysis to further accelerate the efficiency of the adaptive method. We will also extend 
the simulation to larger and therefore more realistic hemodynamic systems. 
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