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A thermal-elastic-viscoplastic model suitable for mod-
eling aluminum nitride (AlN) during crystal growth is
presented. A crystal plasticity model that considers slip
along crystallographic slip systems and the evolution of
mobile and immobile dislocations on the prismatic and
basal slip systems is developed. The model has been im-
plemented into a finite element

framework, and a sublimation growth process is mod-
eled to demonstrate the model capability. The disloca-
tion density, which characterizes the crystal quality, and
the maximum tensile stress on the cleavage planes (m-
planes), which leads to cracking, are computed.

1 Introduction Because of the great potential for new
devices to be created based on high quality, single crystal,
AlN substrates, tremendous research effort has been de-
voted to developing fabrication processes for its produc-
tion [1,2]. However, the economical production of AlN
substrates has been stymied by the challenges associated
with the high temperature processes used to create them.
Process modeling may be used to accelerate the advance-
ment of these processes by allowing for new process de-
signs and parameters to be tried out in simulation. Fur-
thermore, while the opto-electronic properties of AlN are
well-known, less is known about the thermal-mechanical
behavior, particularly at high temperatures.

In this paper, an elastic-viscoplastic constitutive model
for predicting the thermal-mechanical behavior of sin-
gle crystal AlN at growth temperatures is presented. The
model explicitly considers the wurtzite crystal structure
of AlN and the processes of dislocation multiplication,
motion, and interaction on the basal and prismatic slip
systems. The model has been implemented into a finite
element framework, and preliminary results demonstrating
the ability of the model to predict key parameters associ-

ated with defects, specifically dislocation density and the
tensile stress on the cleavage planes that leads to cracking.

2 Thermal-mechanical governing equations The
thermal-mechanical behavior is governed by the equilib-
rium equation combined with a kinematic equation relat-
ing displacement and strain, and constitutive equations re-
lating the temperature and stress to the strain. Assuming
small strains, quasi-static conditions, and neglecting body
forces, the governing equations are

∇ · σ = 0 , (1)

ε =
1

2

(∇u+∇uT
)
= εθ + εe + εp , (2)

εθ =

∫ θf

θ0

α(θ) dθ , (3)

σ = C(θ) : εe , (4)

where σ is the stress tensor, which must satisfy equilibrium
(Eq. (1)); ε is the strain tensor, which is assumed to fol-
low an additive decomposition into thermal εθ, elastic εe,
and plastic εp parts (Eq. (2)); u is the displacement vec-
tor field; α is the thermal expansion tensor which depends
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on the temperature θ; θ0 and θf are the initial and final
temperatures; and C is the temperature dependent fourth
order elasticity tensor. The constitutive behavior relating
the plastic strain εp and the stress σ remains to be defined,
and is described in Section 3. In addition to the govern-
ing equations, boundary conditions are required, which are
described in Section 4.

The thermal and elastic strain behavior has been mea-
sured experimentally. The thermal expansion tensor α for
hexagonal materials has only two independent compo-
nents, along the lattice a directions, αa, and the lattice c
direction, αc. The components of the tensor also depend
on the orientation of the lattice relative to the global refer-
ence frame, which is assumed known. The linear thermal
expansion of AlN in both directions has been estimated by
Reeber and Wang [3] using available experimental data [4,
5] and a semi-empirical method up to 2000 K. That data is
used in this work for modeling thermal expansion in the
AlN.

For hexagonal symmetry, there are only five indepen-
dent components of the fourth order elasticity tensor C.
Pandey and Yadav [6] measured the AlN elastic moduli
over a temperature range of 200–800 K. Those data are fit
to quadratic curves and extrapolated to growth tempera-
tures in this work.

In addition to the AlN, it is important to model the
material that supports the AlN during the growth process.
Polycrystalline tungsten (W) is assumed to be the crystal-
holder material in sublimation growth here. The polycrys-
talline W crystal-holder is treated as as isotropic, thermal-
elastic. The temperature dependent thermal expansion co-
efficient was measured by Dubrovinsky and Saxena [7],
and the temperature dependent elastic properties can be
found in Lassner and Schubert [8].

3 Crystal viscoplastic model While the thermal
and elastic parts of the strain in Eq. (2) are fairly well-
defined for AlN, no experimental stress-strain data is avail-
able to fit a viscoplastic material model. Furthermore, the
plastic strain εp depends on the history of the stress and
temperature, and is associated with the micromechanical
mechanism of dislocation motion on crystallographic slip
systems and the evolution of dislocation density. In this
work, we expand and modify the model originally devel-
oped by Alexander and Haasen [9] The three prismatic
<112̄0>{11̄00} and three basal <112̄0>(0001) slip sys-
tems, which are the primary slip systems for AlN, are
considered.

The equations relating the plastic strain to the stress for
multi-slip crystal plasticity used here are

ε̇p =

ns∑
β=1

1

2
γ̇β

(
sβ ⊗mβ +mβ ⊗ sβ

)
, (5)

γ̇β = ρηm bvo exp

(−Qη

kθ

)( |τβ |
τ̂η

) 1
m

sgn
(
τβ

)
, (6)

τβ = sβ · (σ ·mβ) , (7)

τ̂η = τ̂ηf + f Gη b
√

ρηf . (8)

Equation (5) is a kinematic equation relating the rate of
shearing γ̇β on each slip system β to the plastic strain rate,
where ns = 6 is the total number of slip systems consid-
ered and mβ and sβ are the slip plane normal and slip
direction, respectively. Equation (6) is based on Orowan’s
equation [10] and assumes a power law relationship be-
tween the resolved shear stress τβ and the rate of shearing,
where superscript η indicates slip system type (η = p for
prismatic and η = b for basal), ρηm is the mobile disloca-
tion density, b is the Burgers vector length, vo is a reference
dislocation velocity, Qη is the activation energy for dislo-
cation glide, k is Boltzmann’s constant, τ̂η is the resistance
to slip, and m is the empirical strain rate sensitivity. The
function sgn returns the sign of its argument ensuring the
direction of slip is in the direction of the resolved shear
stress. In Eq. (6), an average, effective dislocation velocity
is assumed, combining the different parts of a dislocation
loop, with different line directions, into a single term. This
assumes that the activation energy for dislocation segments
of different character is the same, and thus, a constant rel-
ative mobility of the different segments. This is consis-
tent with the observation of predominantly long screw seg-
ments from room temperature to 800 ◦C by Audurier et
al. [11], although they also observed an apparent change
in the relative mobility of edge dislocations on the pris-
matic planes, which is not captured in this model. Eq. (8)
defines the resistance to slip in terms of a constant lattice
friction stress τ̂ηf and a hardening term associated with the
immobile dislocation density ρηf , where f is a coefficient
typically taken to be 1/3, and Gη is the elastic shear mod-
ulus, Gb = C44 for basal slip and Gp = 1

2 (C11 − C12) for
prismatic slip.

In addition to modeling slip on multiple slip systems,
this model is different from the classic model proposed by
Alexander and Haasen [9] in three other key respects: (1)
the immobile and mobile dislocation density are consid-
ered separately, (2) a friction stress is included in Eq. (8),
and (3) the hardening is incorporated in the denominator of
Eq. (6) rather than as a back stress. The mobile and immo-
bile dislocations are considered separately here because the
mobile dislocations act to enable slip, while the immobile
dislocations act to hinder slip, effectively strengthening the
material, and while they are related, they evolve differently
[12]. The friction stress is added to consider the resistance
of the crystal lattice to dislocation motion in addition to
the immobile dislocation obstacle term. Frost and Ashby
[13] suggest at temperatures above 40% of the melt tem-
perature, dislocation glide by power law creep, of the form
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in Eq. (6), is the dominant mechanism in ceramics. In Ma-
niatty and Karvani [15], the power law relationship given
in Eq. (6), is compared to that using a back stress, and the
results are found to be nearly identical.

In addition to Eqs. (5)–(8), evolution equations for the
mobile and immobile dislocations densities are required. In
this work, we use dislocation density evolution equations
similar to those proposed by Kubin and Estrin [12] of the
form

ρ̇m =
[g1
b2
− g2 ρm − g3

b

√
ρf

]
γ̇ , (9)

ρ̇f =
[
g2 ρm +

g3
b

√
ρf

]
γ̇ , (10)

where g1 − g3 are dimensionless constants. The first term
in Eq. (9) is the dislocation multiplication term, and the
last two terms are associated with the trapping of mobile
dislocations by other mobile and immobile dislocations.
Those immobilized dislocations then appear as the terms
in Eq. (10).

Lastly, it remains to determine the model parameters.
Currently, there is no stress-strain data for AlN at ele-
vated temperatures with which to fit the model parameters.
Yonenaga and Motoki [14] performed compression tests
on single crystal GaN samples oriented for prismatic slip
at three different temperatures. From that data, it was pos-
sible to determine the model parameters for prismatic slip
in GaN [15]. GaN and AlN both have a wurtzite crystal
structure and similar lattice parameters. It is expected, their
viscoplastic properties would be similar, and thus, most of
the model parameters are assumed to be the same. Specif-
ically, the model is relatively insensitive to the reference
dislocation velocity, vo, and this is set to vo = 103m/s,
which is on the order of the elastic wave speeds. The ac-
tivation energy for dislocation glide, Qp, is typically pro-
portional to G0b

3, where G0 is the shear modulus at 300K
[13], and G0b

3 is nearly equivalent in AlN and GaN, thus,
the same activation energy is assumed. However, the AlN
is observed to be roughly 50% stronger than GaN in Yone-
naga et al. [16], who present comparative hardness test
data over a wide temperature range. The friction stress, τ̂pf
which governs initial yield, is set 50% higher in AlN than
in GaN. No information is available regarding the rate sen-
sitivity or hardening behavior, and thus, those parameters
are set equal in AlN to those found for GaN. Lastly, the
parameters must also be specified for basal slip. Audurier
et al. [11] observed dislocations in about equal proportion
on basal and prismatic slip systems in polycrystalline AlN,
and thus, equal parameters are assumed for basal and pris-
matic slip. The parameters are summarized in Table 1.

Table 1 Model parameters for AlN.

Q (eV) m τ̂f g1 (×10−6) g2 (×103) g3 (×10−5)
2.02 0.265 78.3 0.5 0.7 3.2

4 Finite element model of sublimation growth
The governing equations and constitutive model described
in the preceding sections has been implementing into a
three-dimensional finite element framework. Quadratic
tetrahedral elements with ten nodes are used.

To model sublimation growth, the W crystal-holder to-
gether with the AlN crystal are modeled as solid cylindrical
disks. The crystal-holder is 1 mm thick and 60 mm in di-
ameter, and the AlN crystal is 10 mm thick and 50 mm in
diameter. The AlN crystal is grown along the c-direction,
aligned with the z-axis. The bottom and cylindrical sur-
faces of the AlN crystal are traction-free and the top is
perfectly bonded to the W crystal-holder. The top of the
crystal holder is fixed in the vertical direction at the center
and at one point on the outer radius to prevent rigid body
motion but allow bending of the crystal-holder. Because
of symmetry, only one fourth of the model needs to be
considered consisting of about 37000 elements, and with
symmetric boundary conditions. The model is subjected
to a temperature field history that approximately models
the crystal cool-down process from growth temperature of
2500 K. The temperature field history is stated as a func-
tion of r and z: radial distance from the axis of symmetry
and distance from the interface of crystal with the crystal-
holder.

θ(r, z, t) = (a0 + a1r + a2z + a3rz) (1− t

tf
) +

t

tf
θo ,

(11)

where θo is room temperature, tf is the cool-down time,
a0 is the temperature in the middle of the crystal at the
interface with the crystal-holder, a1 is the radial tempera-
ture gradient in the crystal at the interface with the crystal-
holder, and a2 is the axial temperature gradient along the
axis of symmetry. a3 determines how radial and axial tem-
perature gradients vary within the crystal. The values of
these parameters are based on the upper limit of tempera-
ture gradients within the growth cell, reported in a recent
patent [17].

5 Results Of primary interest is to predict the like-
lihood of cracking and dislocation density due to the ther-
mal stresses arising as the crystal is cooled from the growth
temperature. The maximum tensile stress on the cleavage
planes, which has a strong correlation with cracking, is il-
lustrated in Fig. 1. The stress concentration near top of
the crystal at the interface with crystal-holder is due to mis-
match in the thermal expansion coefficients of AlN and W,
which is about 2×10−6 K−1 at its peak. The stress near the
bottom of the crystal is due to high temperature gradients,
in this case 40 ◦C/cm and 10 ◦C/cm in the radial and axial
directions, respectively.

The dislocation density in the AlN crystal, which is ini-
tially set to 103 cm−2, does not evolve significantly, less
than one order of magnitude, as shown in Fig. 2 . The
maximum mobile dislocation density is predicted to be 104
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Figure 1 Estimated maximum tensile stress (MPa) on the cleav-
age planes in the AlN crystal: (a) bottom view indicating hexag-
onal symmetry, (b) top view, and (c) side view. Maximum stress
is 450 MPa and appears at a tiny region on the top edge of crys-
tal. The W crystal-holder is not shown.

Figure 2 Estimated dislocation density (cm−2) in AlN crystal
grown with sublimation method. From left to right: bottom view,
3D view of 1

4
sample, and top view. Dislocation density at bot-

tom edge is highly localized with maximum value of 104 cm−2.
The W crystal-holder is not shown.

cm−2, while the maximum immobile dislocation density
is 5 × 103 cm−2. Basal dislocations evolve more quickly
near the top edge of crystal at the interface with the crystal-
holder, while dislocation density on prismatic slip systems
tends to occur near the bottom edge of the crystal. The plas-
tic slip on prismatic slip system is more sensitive to tem-
perature gradients, while the plastic slip on the basal slip
systems is mainly due to the mismatch in the thermal ex-
pansion coefficients of AlN and W.

6 Conclusions The developed thermal-mechanical
model for AlN crystals at growth temperatures provides
insight into the sources of thermal stress that lead to crack-
ing and dislocations in AlN crystals grown by sublimation.
This work shows that the mismatch in the thermal ex-
pansion coefficient between the AlN crystal and the W
crystal-holder is the primary source of stress, with temper-
ature gradients having a smaller contribution. As a result,
the maximum tensile stress on the cleavage planes, which
leads to cracking, occurs at the interface between the AlN
crystal and the W crystal-holder. Furthermore, the model
predicts relatively little growth in the dislocation density,
which is consistent with the small dislocation densities ob-
served in AlN crystals grown by sublimation. Dislocations
are predicted to be primarily on the basal slip systems near
the interface between the AlN crystal and crystal-holder.
The presented model parameters and simulations based on
these model parameters have significant uncertainty be-
cause of the lack of experimental data to characterize the
thermal-mechanical behavior of AlN, necessary for model
calibration. However, the model is expected to predict the
correct trends, and results are consistent with experimen-
tal observations. Thus, the model can be used for AlN
semiconductor process design.
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