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Box 6.1 Flowchart for explicit time integration

il
1. Tnitial conditions and initialization: % t“‘jmx velueg “Q’QW
A vww
set v°, 09, and initial values of other material statge variables;

d°=0, n=0, t=0; compute M ‘ e Yo ‘;;0\‘1(19
2. getforce £ Medpmaics uoiti
3. Compute accelerations a*=M(f* - CdamPv”"‘/z) Aswpivng 4 v
4. Time update: ™" = ¢ + A" p# = L (z‘ +
5. First partial update nodal velocities: V”+/2"V”+(Z‘"+V2 Ma”
6. Enforce velocity boundary conditions:

ifnodeZon T, Vit = V, (Xl,t’”"/z)

7. Update nodal dlsplaeements A+l =dr Ay

8. getforce

9. compute a™*

10. Second partial update nodal velocities: V=t (il gty gl
11. Check energy balance at time step 7+ 1: see (6.2.14—1 8)

12, Update counter: n<n+1 o

13. Output; if simulation not complete, go to 4.

Subroutine getforce  <— (Orievred o wad S oW
. , N echeantes
0, Tnitialization: £'=0, Af =0 Will&lip deteils -

1. Compute global external nodal forces £, f@\%;jgﬁ?

2. Loop over elements e Sv 0l
i. GATHER elernent nodal dlsplacements and Velocmes
11 fmt N 0
A ole
iii. Loop over quadrature points § TQ’: ; fﬁjn ﬁbg\ewau%
1. if n=0,goto 4 ' \ oo\, @wv@%xaw% el

2. compute measures of deformation: D~ ’/z(ég) F€,)E (F,Q)
3. compute stress o” (&0) by constitutive equation
4 fmtn flntn+BT0.le
END quadrature point 1oop )
iv. ~ Compute external nodal forces on element £
A fn__fextn fmtn
vi. Compute Atgy, if Arg, <At then A, = A,

vii. SCATTER £ to global f
5. END loop over elements > essewtic| BC on (;Q

O Ar= 0y | wtov tevms dke, by
N éﬂ%“k'w\e, Yham euth g%eg?
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Box 6.3 Flowchart for implicit time iﬁﬁegration

1. Initial conditions and initialization of parameters:

set v, 6% d°=0, n=0, r=0; compute'M y\}

2. Get f=£(d°, 0) ;ﬁé“
3. Compute initial accelerations a”=M"{" et A"E \ 40"
4. Bstimate next solution: d _=d"ord = a Qﬁ'z\i . U,;@fl
5. Newton iterations for time step n+1: &,’ e

a. getforce computes f(d__, #*), see Box 6.1 7 &

b g™ = 1/,BAL‘2 (dnew *&nﬂ),‘vnﬂ =y QAZHL"H . see (6,3.4—5)

c. r=Ma""—f

d. compute Jacobian A(d)

e. modify A(d) for essential boundary conditions

f. solve linear equations Ad=— A7r

g. d <d +Ad

h,

check convergence criterion; if not met, go to step 5a.
Update displacements, counter and time: d"*'=d o BEREL 1 t+At
Check energy balance : e

8. Output; if simulation not complete, go to 4.

e

Box 6.4 Flowchart for equilibrium solution

f—

Initial conditions and initialization: set d°=0; 6% n=0; t=0;d__=d°
2. Newton iterations for load incrément n+1:

a. getforce computes f(d__,t"*");r=£(d, ")
b. compute A(d__ ) :
¢, modify A(d,, ) for essential boundary conditions .
d. solve linear equauons Ad=— Ay
e. d <d_+Ad
f. check error criterion; if not’ met go to 2a.

* 3. Update displacements, step count and time: d*'=d__ , n¢=n+1, t¢¢+At

4. Output; if simulation not complete, go to 2.

The flowchart shows a procedure often called a full Newton algorithm, where the J
matrix is evaluated and inverted in every iteration of the procedure. Many progran
modified Newton-algorithm, in which the Jacobian is assembled and triangulated onl

——

1. _ .9 . ~
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where g is the out-of-balance force vector at the start of iteration i . In this case a linear set of equations is (é

solved at every iteration.

Next sections describe the methods that are available in DIANA. First three pure iterative procedures are
presented: the Newton-Raphson method, the Quasi-Newton method and the Constant Stiffness method. Next,
tv ;ariations that can be used in combination with these procedures are considered: the Continuation
mewod and the Line Search method. Finally, several criteria to stop the iteration loop will be discussed.

Another variation of the iteration algorithm is the Arc-length method [§30.1.5.2]. This method adapts the
increment size. :

30.1.1.1 Newton-Raphson

Within the class of Newton-Raphson methods, generally two subclasses are distinguished: the Regular and
the Modified Newton-Raphson method. Both methods use (30.7) to determine the iterative increment of the
displacement vector. In a Newton-Raphson method, the stiffness matrix K; represents the tangential stiffness

of the structure:

B dg’ |
- aALI “‘.‘ | k (308)

Pt

K;

The differenée between the Regular and the Modified Newton-Raphson method is the point at which the
st ‘ess matrix is evaluated.

Regular Newton-Raphson.

In the Regular Newton-Raphson iteration the stiffness relation (30.8) is evaluated every iteration [Fig.30.2].

This means that the prediction of (30.7) is based on the last known or predicted situation, even if this is not an
equilibrium state.
i :

‘t+Atfc:*t i

fins 1

i fewh

(3 : ‘ -u
Figure 30.2; Regular Newton-Raphson iteration
The Regular Newton-Raphson method yields a quadratic convergence characteristic, which means that the
method converges to the final solution within only a few iterations,




A disadvantage of the method is that the stiffness matrix has to be set up at every iteration and, if a direct t?:
solver is used to solve the linear set of equations, the time consuming decomposition of the matrix has to be
performed every iteration as well. Moreover, the quadratic convergence is only guaranteed if a correct
stiffness matrix is used and if the prediction is already in the neighborhood of the final solution, If the initial
pr “iction is far from the final solution, the method easily fails because of divergence. In short:

The Regular Newton-Raphson method usually needs only a few iterations, but every iteration is
relatively time consuming.

Modified Newton-Raphson.

The Modified Newton—Reiphson method only evaluates the stiffness relation (30.8) at the start of the
increment [Fig.30.3]. This means that the prediction is always based on a converged equilibrium state.

A
A
* i‘fe::b i3
i 21t
flnb,l !
.
b !
i Aug Véuy
Ay
i o -

= U

‘ Figure 30.3: Modified Newton-Raphson iteration
Usually, Modified Newton-Raphson converges slower to equilibrium than Regular Newton-Raphson.
However, for every iteration only the prediction of the iterative incremental displacements and the internal
force vector has to be calculated, it is not necessary to set up a new stiffness matrix. If a direct solver for the
linear set of equations is used, it is not necessary to perform the decomposition again, only the relatively fast
substitution part will do. In short:

The Modified Newton-Raphson method usually needs more iterations, but every iteration is faster
than in Regular Newton-Raphson.

In situations where Regular Newton-Raphson does not converge anymore, the Modified Newton-Raphson
process can sometimes still converge. Small variations of both processes are possible by using the linear or -
previous stiffness for the first prediction and by setting up the current stiffness matrix after the first
prediction. If unloading occurs, it can be advantageous to return to the linear stiffness, e.g. in a plasticity
analysis.

30.1.1.2 Quasi-Newton

T Quasi-Newton method (also called *Secant mef}'lod') es"$éntialvly uses the information of previous solution
vectors and out-of-balance force vectors during the increment to achieve a better approximation [Fig.30.4].
Unlike Regular Newton-Raphson, the Quasi-Newton method does not set up a completely new stiffness




matrix every iteration. k %

. 4
t+Atf“b 1. ‘

finta | -

+
fexb

= U

Flgure 30.4: Qua81 Newton iteration
In thls case the stiffness of the structure is determined from the known positions at the equilibrium path, If the

iterative displacement increment is called 0 u; and the change in out-of-balance force vector related to this

increment 0 g = g, - & , the Quasi-Newton relation is
Ky, ow=10g (30.9)

()
With a matrix K; that fulfills (30.9), the next iterative increment is calcul ated from (30.7). For a system with

more than one degree of freedom, the secant stiffness matrix K is not unique. The methods implemented in
DIANA are known as the Broyden, the Broyden-Fletcher-Goldfarb-Shanno (BFGS) and the Crisfield methods.
By substitution it can be seen that the following two matrlces fulfill the Quasi-Newton relation (30.9).

(5g2- — Ki 5112') c’

Ky =K+ Py (30.10)
Koo =K, + (5g? — Kz (Suz')CT -+ C(5g7; — K7 5L12'>T
o z ¢ ou; (30.11)
(6g; — K;du;)" du; cct '
(T du;)?

I/ 0.10) and (30.11) the vector ¢ can be chosen freely. The Quasi-Newton methods can be used efficiently
because the inverse of the new stiffness matrix can be derived directly from the previous secant stiffness and
the update vectors by using the Sherman-Morrison formula.




Broyden. | k Ol |

If in (30.10) ¢ is substituted by 0w and K, is inverted, the Broyden method results:

; :
i !

(bu; — Kt og;) ouf K
ou; K;l 0g;

K =K1+ (30.12)

BFGS.

More elaborative, (30.11) can yield the relation attributed to Broyden, Fletcher, Goldfarb and Shanno, and
therefore known as the BFGS method:

\

ou; 0g; | og; ou; du; ou;
K= t e K T )t e (30.13)
ou; 0g; ou; 0g; ou; og; ’

The inverse secant stiffness matrices are not calculated explicitly, but the iterative displacements d ware
calculated directly by substitution of (30.12) or (30.13) in (30.7). By successive application of (30.12) or -
(I 13), the correct secant stiffness can be calculated from the stiffness K that was used at the start of the
increment and an update vector for every iteration. For every intermediate iteration one additional update
vector is to be stored with size “number of degrees of freedom'. The higher the iteration number, the more
additional storage is needed and the more additional vector calculations are to be performed.

Crisfield.

To avoid the increasing storage and computation time requirements for the Broyden and BFGS methods,
Crisfield [15, §9.8] suggested to use only the most recent correction vector, For a one-dimensional situation
this method still behaves as in Figure 30.4, but the Quasi-Newton relation (30.9) is not matched.

All three Quasi-Newton methods can be used irrespectively of the stiffness matrix Ky used for the first

prédiction. This could be a tangential stiffness matrix, as used in Figure 304, as well as a linear elastic
stiffness matrix. These methods usually have a convergence rate between that of the Regular Newton-
Raphson and the Modified Newton-Raphson schemes. This holds also for the time consumption. For large
systems, especially when using a direct solver, the time used | per iteration will be more closely to the
Modified Newton-Raphson than to the Regular Newton-Raphson scheme. For the Broyden and the BFGS |
schemes the memory and time consumption will increase with the number of iterations.

30.1.1.3 Linear and Constant Stiffness

T;‘ Linear and Constant Stiffness iteration methods can be used if the other methods become unstable, or if it

is-uesirable to keep certain characteristics.
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Linear Stiffness.

The Linear Stiffness 1terat10n method uses the linear stlffness matrlx all the tlme [F1 g.30. 5].

|

)
i

|
l
l
!

t+Atf

finb‘l
¢
fe:ﬂ: ’

- e g U

Figure 30.5: Linear Stlffness iteration
This method potentially has the slowest convergence, but it costs the least time per iteration since the
stiffness matrix needs to be set up only once. Moreover, in case of a direct linear solver, the costly
decomposition has to be performed only once. The Linear Stiffness method can also be advantageous if it is
desirable that the stiffness matrix remains symmetric where the tangential stlffness matrix would become
non-symmetric.

- The Linear Stiffness method is usually very robust, but it is very well possible that it follows
unstable equilibrium paths after bifurcations.

Constant Stiffness.

The Constant Stiffness method uses the stiffness matrix left behind by the previous increment. This means
that if Newton-Raphson iterations are used during the first phase of an analysis and Constant Stiffness
iterations in a second phase, the stiffness in the latter will be equal to the last calculated stiffness in the first. If
the Constant Stiffness iteration is used since the first increment, this method equals the Linear Stiffness
method.

The Constant Stiffness method can be used if New't;on-Raphson or Quasi-Newton methods fail
_ after a number of successful increments.

*t] Jp[ Previous r"oﬂewtsj lndeyl

Next: 30.1.2 Continuation Up: 30.1 Incremental-Iterative Solutlon Previous: 30.1 Incremental-Iterative
Solution Contents Index
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