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GEOMETRIC MAPPING

GOAL: Evaluate x(¢) and ‘ggff “exactly”, n up to 3 for
some “shell” formulations .
Approaches: |
* isoparametric: difficult to control shape with
hierarchic shape functions, inaccurate derivatives
* “fitting” approximate geometry: expensive,
inaccurate derivatives
e CAD geometry: “exact” position and derivatives,
must obtain needed geometry data from modeler
Geometric modelers provide x(¢) and § 8(“ on a point-
wise basis for curve/surface geometries

APPROACH FOR MAPPING MESH
ENTITIES ON MODEL BOUNDARY

Available (from geometric modeler): x = x({), & 0%x 0°x

BC’ 8C2’8C3
Must construct : ) such that x = x(C(f))
N -

/\‘C

—-'——>‘ ¢,
Mesh Entity Model Entity
Space Space

¢ (g) constructed based on type of model parametric
space




Derivatives through cha,in-ruzle

%%: (a(g)ag

x(¢) must not have degenerate points ( is undefined)
Can be solved by proper choice of

A equatorial
lane
. N . ¢ - - 1
. doubly periodi non  Inon
--------- I dg;e,ggf;re“;t'c periodic |gegenerate
< 0 NandiS N v ;
S 9=[012‘I‘C] 1
¢ =l ~m/23m/2
’ Sphere Example - S > 4
. north hemisphere
Evaluating x(¢)
21(¢(£))
s, X = 22(C(8)) B
N e R E(((3)
N & o
Evaluatlng Z// B
5

To evehce. Fhege ncedw '? K uq
- (@)(E)-
0&; k) \0&;

Evaluating 2 agz

from modeler

modeler modeler

- Bes
0¢i&x  \9&;) \0G¢n) \ O ¢ ) \9¢5ék




CONSTRUCTION OF ¢(¢) FOR MESH
ENTITIES ON MODEL BOUNDARY

¢(¢) constructed based on

[Imesh entity classification

type of underlying model parametric space
MESH EDGE CLASSIFIED ON MODEL BOUNDARY

ey
R %\‘9’ S
\S\{ ; J\,\(\ W
model edge we ‘\@;\
geometry 6N \*\,}L
‘ : X(f;) oo Sy \ow"\'& N
i [ ST S kbt L DO ) \{1}
3 1 x O Q
o I model face \/& o
4 model edge Q geometry parameters . 5(
> parameter A
\’30(' t&" & W&
b»"/’

trimmed boundary ,,37 3 U&q 3;
¢ oy Sx

: e 16
G(&) = C . glé 0 )e\\)j)” X\O\e’u

MESH FACE CLASSIFIED ON MODEL BOUNDARY/W \(,\ew‘g\f

Blend ¢ (¢) from boundary entities for trimmed Eaer Y;f\axk

Lo

0 (22 )cter (10 )eto -0+ (5 ) T

o R
/@W& +(5 ‘515 )es— )+ ( © e+ (3 fzgl)éi(l - &)? wacé’
— &1} — &2¢) — €3C5 A

nverts v ) 7 @oo} %

(¢ = Z:}:l &i¢; for untrimmed model faces ><\~C° g
&8

el
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MAPPING FOR INTERIOR MESH ENTITIES
Remarks:

*x(¢) usually unavailable for model regions

* blend from mapped x(¢) for bounding mesh
entities

+ G GV e

Ol Some o
Cohen e

Q\/[‘D
INTERIOR MESH EDGE : x(¢) =x"+ &x!
INTERIOR MESH FACE /;
with curved boundary

x(¢) =<1 51£2>~1(€z) + ( £3£2>x2(1 — &) + < &2

[ (e (Egme-0 |

— &1x] — &9x] — €3x3

3 _
without curved boundary x(¢) = Z

MAPPING FOR VOLUME MESH ENTITIES
Blend based on mapped x(¢) of bounding mesh entities
x(¢) = (1 - &)xd (€) + (1~ )b (€)
+(1- £3>x97(§ + (1 eoxi(¢)
>@J< —(1-& —&)xg— (1 — & —€3)x5
et (16—
—(1-&—- €4)X —(1-&—&)x

¢ is normalized face(edge) parameters

mmm\_./\/

IN IN

N g'. =1 on face
/ <& 7
38 5
]

2
Z §; =1 on edge
1=1 T




BOUNDING MESH ENTITIES USED IN BLENDING

SMOOTHNESS OF RATIONAL BLENDS

e linear blends on simplices are C° ‘
P U bleuds

e limits p-convergence - W\GQP&M e
« C* blends can be constructed; expensive

1 . o " y . , T ya

Polynomial . ] e

0.1+ Interpolation . e

0.01 | Blending -~ 1 e
0.001 |
0.0001};
1e-05 |
1e-06

1e-07 |

1e-08 L N " s L . :
1 2 3 4 6v. B 7 8 9

Poisson’s problem with smooth solution




MAPPING COST COMPARISON WITH
TENSOR-PRODUCT GAUSSIAN INTEGRATION

10000 T T . T T T v . I‘ = >;\\‘U¢§ V\k&\L
Bl S
R s = Polynomial /b §\ QEL ~
o0t =F Interpolation 173\ _,>\ %
g ) - Blending  ——- é)%\ \;1\(7 g
© Wl —"’,,r - ] 4 X @(]
,,,,, " RN %&3’ —
11 2 3 4 5 P 6 7 8 9 \00\ m\\}\y\«
Remarks: |
* uniform p-enrichment, no h-adaptation
" . §
* one time geometry interpolation of order 8 | &
e no caching with blended mapping , b\“\w O
v N
» modeler queries: _ B
[Iblending: 28% of total time D e
[Jcached interpolation: 9% of total tim

7 LU TR Odr 46\ g OCt‘v\h/\—\%( \OW \ol(/gb\? wﬁg&idﬁ%

HIGHER ORDER BLENDING
SCHEME FOR TETRAHEDRA

C* blend based on mapped x(¢) of bounding entities

x(€) = (1 — &)*1xl (&) + (1 — &)1 ()
+ (1= )G (¢) + (- &) T (€)
— (1= & — &) — (1 — &1 — &) T
— (1 — & — €)% — (1 — & — &) T1x8
(6 )M — (1 s — €)Y
+€k+1 v+€k+1 v+€k+1 v_|_€k+1 v
5' is normalized face (edge) parameters

3 2 |
Z&'; =1 on face; Zé’; =1 on edge
i=1 1=1




EFEICIENT ELEMENT LEVEL
COMPUTATIONS FOR HIGH p

Examples in PDE coordinate system:

/( )m( )(%) dﬂ;/Ni‘p(x)deQ;/Nih(x)dI‘
e AL e ek
Abstract parametric form: I = [©(§)T(£)d§ < Ko %WWV

©(£): polynomial (exactly integrable) from N(g), 3

T(€): from x(§), gf(, not exactly integrable k)
L
Options: o & W”S“M 2
. . . k i h '0 o & LQHC
1. Gaussian Integration: expensive WT g v
2. Precomputed tables with approximation of Y(¢)
3. Sum-Factorization

4. Vector-Quadrature

OPTIMAL FUNCTION APPROXIMATIONS

Degree g polynomial interpolatibn:

n

W = 3% aude(€) % = X bubn(6)

k=1
Integral Error (Approximation theory):

/ 0d¢ — / 0*d¢
Nrm
Finite Element Error (2nd ord. elliptic BVP):

ChPHI =™ |||
pr—l

< Ch®2 ™0l 41y 0 = K,x

S r>2ptl

o9
Optimality:

q+2—m2p+1—ntéq2b—1
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PRECOMPUTED INTEGRAL/ENTRlES

T (&) approximated as degree g=p-1 polynomial interpo-
lation

%/QL/ -

(/f?\ { ‘V\

Tig

T(E) ~ 1Y) = Sodn(©) =

1= e~ ch e qsk(q—zcm

0,pT ecomputed

Cost (general curved domains):“ g )YMQ

*O(p®) Y(¢) evaluations ™\ _~9 o 'S Pl
) 3 . N . / N \ m .
* O(p®) arithmetic operations / ,/ & \O,,\k(-

e no evaluation of ©(¢) at runtime L)L& Q’\w Jur

e memory- must store p;, compactly @V“ {;&

SUM-FACTORIZATION (3D EXAMPLE)
Choose Tensor product basis .
N(¢) = W1 (¢1)P2(¢2) Us(Ga); Gi € [-L,1]

Reduce integrand to tensor product form
1

[ e~ / / / Zak\If (TP ()00 (¢ dCadCs
QT S151 5
1 1
- ;a’“/ ‘I’( (@)da _/1 W (¢2)dG J Wi (¢s)dcs

Cost (general curved domains):
* O(p®) integrand evaluations
* O(p?) arithmetic operations
* T(¢) must be approximated for curved domains




P — - ——— V- —

VECTOR-QUADRATURE
Given orthogonal basis [ ¢;; = 6;;, approximate
‘ Q

M

' M
06~ Y aipi; T(E) =~ bipi
: 1=1

i=1
yielding

I:/@(g)r(g) ~a®b= Zaz

M based on maximum of ©, T degree.
Cost (general curved domalns)

* O(p®) integrand evaluations
* O(p®) arithmetic operations
Symmetric order decompositioniof I is more efficient

INTEGRATION OPTIONS

» asymptotically all optlons cost O(p?) for curved
domains

e all options must approximate part(s) of the inte-
grand

« sum-factorization can be |mplemented using pre-
computed entries |

Integrand approximation + precomputed mtegrals effi-
cient for general curved domalns

e derive precomputed ‘entries for elemental integrals
* identify symmetries in precomputed entries




PRECOMPUTED STIFFNESS INTEGRALS

General form (sum on repeated indices £, [, m):

= (o 5

Bmk
Qe |
- aNi% —ag-‘_a_s_‘rz = e v
Aim

A, (€) interpolation (no sum on repeated n):

Aim(€) = D205 ((£))0() & 3 atmnNu(6)
n=1

Oxy Oxy,

Precomputed entries: ¢f5,... = [ (%Jgi%?iNn>d5
. | Qe m
Nq

i H " e = K
Runtime evaluation: K7 = )’ GimnQ;jimn

n=1

PRECOMPUTED MASS INTEGRALS
General form:
M = / p(x) N;N;dS

ﬂe
_ / N;N; {p(x)J (€)} dé
e - B(®)

B(¢) approximation: |
B(¢) = p(x(€)I(€) = > baNn(£)
n=1

Precomputed entries: o}, = Qfe (IN;IN; Ny ) d€

.
: g

H H w! e ___“"” \:‘ M

Runtime evaluation: M = ‘21 b0,
n=




PRECOMPUTED RHS INTEGRALS FROM Q¢

General form:

= / F(x) Nid$2

- / N; {F(x)T(€)} d¢
D(&)

D(¢) approximation:

D(¢) = F(x(€)T(€) » Zan (£)

Precomputed entries: gm f (N; Ny, )d¢

g Q
Runtime evaluation: ff = > dngz.fn
=1

PRECOMPUTED RHS INTEGRALS FROM I'“

General form:

/h(x)N ,dTl’

= / N; {h(X)J(S)}dS
E(E)

E(¢) approximation:
E(&) = h(x(£))J(§) = Z enNn(€)

Precomputed entries: gm f (N;Ny,,)dé€

Ng r
Runtime evaluation: ff = > eng{n

V5




General form

ASYMPTOTIC TABLE SIZES

[ G

oE™i

0™iN; O™ N,
cee o

ﬂe

~
M terms

[ Gl

awNj> <anka

) N d§2

)Nldr, Na Z 0,0{: ]_’..‘.,

A 85”1‘ 6&%

L M terms

Size:

Ke, WK ‘ Jce
p Entries Storage Entries Storage
(Million) ~(MB) (Million) (MB)

4 0.2 2 4e-3 0.03
5 1.9 15 0.01 0.08
6 10 80 _0.05 0.40
7 40 320 0.11 0.88
8 134 1072 0.26 2

COORDINATE PERMUTATION
TO IDENTIFY' SYMMETRIES

N; = —2&1€2, ®1(IN;) = —2£1€3, O1(INi) = —2£184

o [ 2N
7 863

_ aleum)],
o[@:i(&))]

(2N

_ 9[oi(Ni)]
a[oi(¢&)]




PRECOMPUTED SYMMETRIES USED

Stiffness:

K _ K K _ K K _ K

0ij13n = €i6303210,03 @ijoon = Qi@sj@311n®s  Cij23n = 21030311085
K _ K K _ K~ K _ K

Qijs1n = ;63031213 Qijs2n = £46393217n93 €ij33n = 1030311153
K _ K _ K~ K _ K

Zij1in = ffilln @ij12n = Cji12n @ij21n = Cji21n

. M _ M. Y A
Mass: Qiin = Qjini RHS: o], = o,;

Example p£6:

KC Me fe

Asymp.| Comp. | Asymp. | Comp. |Asymp, Comp.

Entries | "1e7 | 45839 e7 3659 | "5e4 451

Size(KB) "8e4 367 "8e4 30 “4e2 4

Additional symmetries may exi?t.
_ 5 7/()&‘25’5 o3 \ \(\\1
pol & 4 AN s
67

%O} 5 “ _ | \J\)(}i‘?(.“////ﬂ

NUMERICAL EXAMPLES

Model problem:

~—‘A'L"(X):f(x)) x €N
u(x) =0, x € 9%

Example 1: u = (1 — %) (1'— z2) (1 — z2), (Q=cube)
Example 2: u = 1007(1 — r) sin () cos (¢), (2=sphere)
Timing legend:
Ge: elemental computation- Gaussian Integration
Pe: elemental computation- Precomputed entries

Ry,
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NUMERICAL EXAMPLES

Example 1 Example 2
(48 elements); (64 elements)
Ge/Pe = 10 Ge/Pe = 5
Remarks:

- Relative energy error |

- same rate of convergence
a)
- Gauss error lower by 2 orders of magnitude m),/{v

example 2 < &WWC;J_L uet”

- Needs further investigation with higher accuracy
interpolation points

CLOSING REMARKS

Geometry-based issues must be carefully considered for
the effective |mplementatlon of hp-version finite ele-
ments - can easily lose high rate of convergence

Geometry issues must be accounted for in

- mesh generation

- element mappings

- element matrix integrations
Capabilities for the automatic generation of p-type
meshes for general 3-D geometries developed
Approaches to deal with the geometric mappings avail-
able - be careful in using rational blends on simplixes
Integrations expensive for curved elements - compact
look-up tables cut cost by nearly an order of magnitude




Shape Functions Decomposition Based on the Topological Entities of (7,

Each topological entity has an independent specification of polynomial order.
The mesh entities associated with an element are

o= {Mfe,0(0fe) } = { e, e {nafe ), made{maf}} ()

A convement method to construct the shape functions associated with a mesh
entity M G ¢ Qs

R Q-
d; dj
No = (M, ME)p(M1]7) )
where:
¢(M 4 Mee) is a blending function defined on the mesh entity Mg written in

its parametric coordinate system, ¢&;, which is specific to the mesh entity, M7 4

(but independent of the polynomial order of the shape function)

gb(M ’) is a function written in the mesh entity Mfi] parametric coordinate
system, 53, is a function of the polynomlal order of the desired shape function.
It is independent of q,b( M ) and thus M , meaning it is the same for all

elements for which M; % is part (including elements of different dimension).
Gl J§Eorowk opatay,

Co\(\Cc D‘\' OW\‘{ -

(Jqu \—Q\)ud-xo\tS
“ W Lak\ be AQacat

Y (M, M7)

N (a4, M7)

qezy)
N (M), M),
v (M, M5)
components of edge edge shape
shape functions functions

Figure 1. Construction of edge shape functions
using product of blending function times edge mode.

02




Our focus is the definition of the proper set of shape functions over each element
which:

1. Are of the polynomial order specified on each of the mesh entities included in
the closure of the element, €.

2. Satisfy the C° interelement continuity requirement.

3. Require a minimum of numerical operations in the evaluation of the shape
functions and subsequent element integrations.

7
6
6 7 6
5 i
4 ‘6 8
2 3 3
2 . .8 5
1 2 3
2 3
1 - 3 "

Figure 2. Example Two-dimensional variable p-order mesh.

It is possible for the face and region entities to have different p-orders specified
in each of the parametric directions of the face or region.

7
<0
o

/] 0[:?3*;!”
! :,'3:333 U

;ﬁﬁg&!&'

SNSRI
S

777777117&‘{ l
/77 NN
ll"{t:/lotzzisis«ézéiéz' WY
% =

N <> "
0;03.;;5:§‘.." l
"';"";'3330"
Vs =,
COFALIFALL 7 AL 7oz "
A\
LN
AR

(©) & - ()

Figure 3. Directionally biased solution fields.
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Parametric Coordinate Systems

The choice of parametric coordinates for the mesh entities is based on:

1. Simplicity and efficiency of the blending functions, .
2. Compatibility and efficiency of use with numerical integration scheme(s).

Table 1. Entity parametric domains.

Topology Parametric Domain
Edge I & € [-1,1]
I £,€[0,1], i +&=1
Triangle £1,80,63€ [0,1), &1+ &+ & =1

Quadrilateral

51)52 € {_'11 1]

Tetrahedron £1,60,8,64€[0,1], &1+ &2+ 6+ 6 =1
Hexahedron £1,62,63 € [-1,1]
Pentahedron

£,6,6€(0,1), &+ &L +8&=1,&4 e [-1,1]

Figure 4. Entity parametric coordinates: (a) edge, (b) triangle, (c)
quadrilateral, (d) tetrahedron, (e) hexahedron and (e) pentahedron,




Mappings needed to transform the element coordinates, ¢;, to coordinates of the
bounding lower order entities, 5] “" used to distinguish the coordinates of the
bounding lower order entities. Efficiency of mappmg is dependents on the choice
of possible edge parameterization.

Edge parametrization / leads to a trivial mapping for quadrilateral and hexahedral
elements, 51 ¢;. For a simplex, the mapplng for an edge between vertices with
index i/ and j (Figure 5) is

&#g—@ (3)

Edge parameterization // leads to trivial mapping for simplices given the local
edge index, & = ¢;. For a quadrilateral or a hexahedral element (Figure 6(a,b))
the mapping is

bi=3(1-8), &=30+8) @

for edge directed along ¢; parameter of the element.

For a quadrilateral face of a pentahedron as shown in Figure 6(c), the mapping be-
tween the element parametric ooordlnates £, 1o the face parametric coordinates,
5, is given by

b=¢-6, =& (5)

5

%2

&, (a) g, (b)

Figure 6. Parametric transformations with edge parametrization //.
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Decomposed Shape Functions
Vertex shape functions are standard linears.

Construction of the Blending Functions

The constant edge blend over a triangle is % (M7, M{) = 1——(%%, and the edge
(-6

function is ¢(M7) = ‘/_[1 - (& —&) ]( —¢&). The cost of evaluation in this
case is 2 adds and 7 multiplies.

The quadratic blending function is a simple polynomial, 1 (M, M?) = —2&;¢;, and
the edge function is ¢(M7) = (¢ — &) giving a cost of shape function evaluation
of 1 add and 3 muitiplies.

W(Ml :Ml .
o(m! E[
W (M}, M)

Figure 7. Alternative decomposition of cubic edge
shape function using quadratic blending functions.

—— — t \/\,‘k‘t\ v —_

7

The blending functions, v,b( MY Mde> M 4 eﬁde\satlsfy the following proper’ues

1. 7,b( ’ Md"> is nonzero in the interior of Mdﬂ N S

o zp(Mfif Mfie) £0, VE € Ml 6)
S0 4 , C TP
27@/) (Mj’,Mi 8) is zero on the boundary ¢f 8(M e) except on Mj | Govedys- muzgw
w( 1) =0, vee [o(mF) - mB] S BESGEE
Expressions for blending functions are based on the topology of the element and

the boundary mesh entity and the parametric coordinate system of the element.
1. Line Element;

a. Edge blend:
Y(M}, M}) = 266, (8)
2. Triangle Element: Co
a. Edge blend:
(M}, M}) = 284 9)
where edge M} is directed from the k-th to the Fth vertex of M3
b. Face blend:

Pp(ME, M) = &1628s. (10)




3. Quadrilateral Element:

a. Edge blend:
1
P, M7) =3[ - 1] (1 £ &) (11)
for edges along &, with & = 1,2; [ = 2, 1
b. Face blend:
1
v (Mf M) = Z[ﬁ% -1][g - 1]. (12)
4. Tetrahedral Element:
a. Edge blend:
Y(MF, M}) = 26 (13)

where edge M} is directed from the k-th to the /th vertex of Mj’
b. Face blend:

(M, M) = &&im (14)

where face MZ? is bounded by vertices of Mf with local index k, /and m.

5. Hexahedral Element:
a. Edge blend:

P(ML, M) = (]~ 1) (1 £8)(1 % &) (15)

for edges along &, with £ = 1,2,3; [ = 2,3,1; m = 3,1,2.
b. Face blend:

(M2, 05) = (@ - 1) (€~ (1 £ &) (16)
for faces perpendicular to &, with k = 1,2,3; [ = 2,3,1; m = 3,1, 2.
6. Pentahedral Element:
a. Edge blend:
(M}, M}) = -6 (1 £) (17)
for edges lying in the plane perpendicular to the &4 axis and defined between

vertices at which &, = 1 and & = 1 respectively. For edges along the &4 axis
and between vertices with &, = 1

B (M1, 05) = Z6n(& - 1) (18)
b. Face blend: ‘
% (MP, M) = —§1§253(1:t§4) (19)

7




for the two triangular faces.
Y(MF M) = 66 (65~ 1) (20)
for quadrilateral face bounded by pairs of vertices at which &, = 1 and ¢, = 1.
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Figure 9. Quadrilateral edge and face blending functions.

Construction of the Mesh Entity Level Functions ¢

The polynomial order of ¢ for an entity is given by (p — ¢) where p is the polynomial
order of the shape function and q is the polynomial order of the blending function
used for that mesh entity. ‘

Mesh Edge

One edge shape function of a given polynomial order p. For quadratic blend 4,
the edge function, ¢(M}), is p-2 for shape function of polynomial order p. The
n-th order Legendre polynomial, using Rodriguez formula, is given by

Pa(() = C;ﬂ,f! );%;(1 - )" (21)
where ¢ € [~1,1]. A useful recurrence relation is given by
(0 + 1) Pay1(Q) = (2n 4+ 1)Pu() — nPa-1(¢)
Po(¢) = 1, Pi(¢) = ¢ {Dz:, (22)

The edge functions based on normalized integrals of Legendre polynomials are

derived from
¢
2 ”
[C . 1] *¢(M11) = 1/2p2%/Pp_1(t)dt, p>2 (23)
S
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Figure 10. Plot of edge functions ¢
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Figure 11. Triangular edge shape functions. The shapes for p=2 is scaled

by 0.5 and those for p=5,6,7 are scaled.by a factor of 2.0 for clarity.
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Figure 12. Quadrilateral edgé shape functions.

Triangular Mesh Face

There are (p — 2) independent face functions for a triangular face for p>3. For
integrals of Legendre polynomials they are

$(M7) = Poy-1(€2 — €1) Pay-1(265 — 1) (25)
where . N
a1, a2 = L,.p—
26
artaztoaz=p (26)
An alternative form which yields better conditioned element matrices is
il / o1\ a1 =1\ (a1 \[as—1\[ay
o) =3 3 (5) (%) (5)(777) (%)
=0 j=0
1 ar—1—f 4 yog—1—i (27)
X 75 (&) (&2)

1 (en +2) = h(k = 1)/2)

Symmetry and directional bias of the triangular face modes can be explained by
associating the triplet, (a1, ay, a3), where «; defines the highest power of ¢; in the
face shape function. Only two of triplet parameters can be varied independently.
The remaining index takes the value of 1. The sum of the triplet values equals
the polynomial order of the resulting shape function.




The sets of triplet combinations based of the three possible choices of the pair
of independent indices can be generated using the geometric construct shown
in Figure 13. Triplets in each of the triangles ABO, ACO and BCO define the
set of linearly independent face functions needed to complete a the basis of a
given order. Combinations in triangle ABO, ACO and BCO correspond to choice
of (&1,&2), (£1,&) and (£2,&3) as the independent pair of parameter components.

Face functions generated by equation (27) correspond to the triplets in triangle
ABO and are listed in Table 3. The shape functions resulting from the face
functions from triangle ABO are plotted in Figure 14. Note that the missing
symmetric counterpart of (2,1,1) and; (1,2,1) for p=4, given by (1,1,2), can be
obtained as a linear combination of (2,1,1) and (1,2,1) modes as follows

(6-3) = (3-a-8)=-[(a-3)+ (a-3)] =10+ @20

(28)
In those cases where the error analysis indicates the need for anisotropic p-
enrichment by picking only the face shape function defined by (1,1,2), its con-
struction by the linear combination of the (1,2,1) and (2,1,1) functions in not the
most effective means to construct it; instead it can be directly obtained by choos-
ing &3 as one of the independent parameters. This is equivalent of switching from
triangle ABO to triangle BCO or triangle ACO.

“® (132 {123) .

Figure 13. Face function triplet combinations.




Table 3. Triangular face functions.

p (a1, oz, a3) Equation 23 Equation 24
3 1,1,1 , 1 |

k.

27171 62—"51 51”"

1
3

3,1,1 ipe-ar-1 &% +5
(

5 2,2,1 €a — £1)(263 — 15 & -3+ &)+

1,3,1 %[3(253 ~1)? -1 -3+ %

A5 NE SO
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Figure 14. Triangular face shape functions. For clarity the shapes have been
scaled up 5, 25, 100 and 200 times for p=3, 4, 5 and 6 respectively.




Quadrilateral Mesh Face
There are (p — 3) face functions for polynomial order p > 4. They are derived by

& &
11 =11 - 1) w () = 2= [ P @iy 22 [ Py (29)
-1 -1

where aj,ag > 2, a1+ oy =p
2(& —1) (¢ - 1) is the quadrilateral face blend.

(a1, ag) can define directional behavior where o is the power of ¢; in the resulting
shape function. , ‘ '

p=5 (3,2)

p=6 (4, 2)

p=7

7 @y ea 2\5)\
e, | .

Figure 15. Construct to generate quadrilateral face modes.

Table 4. Quadrilateral face functions.

p (01, 09) ¢
4 22 1
. 2,3 L,
3,2 \(Tﬁgl
2,4 _¥bg-1]
6 3,3 3¢16
4,2 $5¢f - 1]
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Figure 16. Quadrilateral face shape functions.

Tetrahedral Mesh Region

There are (i“—%)—z@:—?’—) region functions for p, p=4.
Legendre Polynomials based functions are given by

/y/ $(MF) = @4Pa1-1(€2 — €1)Poy—1(263 — 1) Poy—1(264 — 1) (30)

where aj, 0,03 = 1,..,p -3, a1+astaz+ay=0p
An alternate basis with better conditioning of element matrices is

V ¢(M13)_'-1= 51/52?:54@ x B x O)
A= § (~1)fs! (“1; 1) (il)%(gl)al_l_i
B= "gi! (azi— 1> (qz)@_nj_fﬁ_—ﬂ(&)a2~1~i(§l 1y (31)

v (2n + 3)
az—1 . ' '
o= a7 ) (7) B ter e v ey
i=0

where m = a1 +ag+as—3, n=qaz+ ag — 2.
Directional behavior through the barycentric coordinates quadruplet,
(a1, a9, a3,04), Where, o5 represents the power of & in the shape function.

L

s




Only three can be varied independently. Equation (31) uses &1, &, &3 as the inde-
pendent coordinates. A geometric construct for the possible region modes is a
set of four tetrahedrons each of which allow for the independent variation of three
of the four indices in the quadruplet. Figure 17 shows one of the tetrahedrons
that varies a1, ag, a3. Similar construction can be used to define remaining three
tetrahedrons that define the variation of ay, as, a4 Or aq, a3, s Or ag, a3, 4.

p= 4 (1»1:1)1)

p=5 2111

Figure 17. Geometric construct to genefate tetrahedral region functions.

Table 5. Tetrahedral region functions.

;

(01, 'D ) Equation 30 | Equation 31

41 (1,1,1,1) 1 1
(2,1,1,1) &—-& & -2

5(1,21,1) 263 — 1 L+i6a-1)

(1,1,2,1) 1-2(& + & +&3) GBria+&-1)
(3.1,1,1) -8’ -} - g-5a+1
(2,2,1,1) (62— £1)(265 - 1) (%1 —2)(26 + 56 - 2)

6 @121 | (L -&)A-2E+E&+8)| 7006 — 226+ & —1) + 38)
(1.3,1,1) 5265 -1)" — 3 &+ 86 - 1) + e - 1)’
(1,2,2,1) | (263 — 1)(1 — 2(&1 + &2+ &))| 77(261 + 762 — 2)(2(61 + &2 — 1) + 363)
(1,131 ] 31 -2+ &+&) 3 592,'+ S+ -D+5E +& - 1)?

1

{
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Hexahedral Mesh Region

There I:z)are (—’“szél for p, p=6. Legendre polynomlal based product polynomial
given by

p(MP) = /21 Pay_1(t)dt 1 (£)dty |22 Pay-1(t)dt
e S

32)
where ay,a9,03 > 2, ay+ay+a3=2p
Directional behavior can be understood the triplet, (a1, a2, 3), where o; is the
power of & in the shape function.

Table 6. Hexahedral region functions.

p (a1, a2, a3) /V/‘f’
6 2,2,2 E[(3¢2- 1) (3¢~ 1) (3¢ - 1))
3,22 SYID[ (563 — 3¢1) (362 — 1) (362 — 1)]
7 2,8,2 0[(3¢2 - 1) (563 - 3¢2) (3¢ - 1)]
2,23 10 (3¢2 — 1) (3¢ — 1) (56} — 3¢3)]

Pentahedral Mesh Region —-\ w Q&S{/

There ip—@-(—p:ﬁ pentahedral region functions for p=5. The region modes are
products of the triangular face functions and an edge function along &; given by

N ¢(M7) = exéatsd (M) (54 >¢(M,%) (33)

where ¢(MJ-?) is given by equation (27) with & = &, & = & and & = &. ¢(M})
is given by equation (24) with & = & for parameterization I or & = —75— and
€ = L& for parameterization J/ and p = ay.

Directional properties can be interpreted by associating a quadruplet,
(a1, 09,03,04) Where only two of &;,£,63 can be varied independently. If

&, &, &4 are chosen as the independent coordinate parameters then the following
rules generate the set of possible region functions

aj,ae 21, ag 22, ajtortaztag=p (34)




Table 7. Region functions for a pentahedron.

p (a1ag, a3, a4) Yo
5 (1,1,1,2) VY $(MF) = —16685(1 - €3)
(1,1,1,3) VY $(M7) = —36160€364(1 - &)
6 (1,2,1,2) Vo(MP) = —teatats(é2— 3) (1 - &)
(2,1,1,2) Y o(Mf) = 361666 - 3) (1 - &)

Computational Cost for Constructing Variable p-Order
Meshes Using Decomposed Shape Functions

Operation counts required to evaluate a complete set of shape functions for a
given p and CPU time to evaluate element “stiffness” matrix represented in the

matrix form by
[N (oN\T
kij = / @Y(@?) d§) (35)
QE

Implementation Comparison

Functionalities needed to compute the element level matrices for a variable p
meshes

1. Access to the topological hierarchy of mesh entities for an element.

2. Ability to query (and set) the spectral order of interpolation for a given field
variable over a given mesh entity.

3. Ability to query number of shape functions of a given polynomial order from a
mesh entity.

4. Ability to evaluate shape function(s) of a given polynomial order from a mesh

~ entity at a point in the domain of the element (another mesh entity).

5. Ability to evaluate derivative of shape function(s) of a given polynomial order
from a mesh entity at a point in the domain of the element (another mesh entity).

%




Table 8. Shape functions for a triangle with uniform p=6.

Entity; p Explicit Decomposed
¥ $
vertex | 0-1 & & 1
2 ~2&¢; ~26¢; 1
3 ~26:6; (&5 — &) ~26:€; & — &
edge | 4 ~26i¢; (€ - 366+ €F) ~ 26t 6 ~ 36 + &}
5 —26¢; (€3 — 6eie? + B3¢ - &F ) ~26¢; €3 — 66,67 + 662 — &3
6 | —age;(¢f-10(6) 23+ 8 + &) | 2665 | ef - 10(eied — 26760 + €365) +
3 &by &6aés 1
4 abts(e-3) &6t b-3%
a&é(b-1) £1663 -4
H&&(E - 36+ 23—8) &16263 g-3+3
5 bb&Ee-Ha+6) +&) £1626s b -3 +&)+4
face Gi6ate( - 362+ ) Gats G-t %
6683 (88 - 1(663 — 262+ §)) &16263 8 —-3(663 - 26 +§)
o L aos(ae6-) 1§ -8+ % -8)) | 966 aab-D+H(E-4+%-4)
abots(66a(6 - D) + 13-4+ % - %)) | 4o |ana-H+3(4-2+% - %)
&abots(8 - (6 — 26+ 1)) 6162s & — 1667 - 261+ )

-

Table 9. Operation count for shape functions for a triangle with uniform p=6.

Explicit Decomposed
Entity p . . b ) Yo
* + ¥ + * +
vertex 0-1 0 0 0. 0 0 0 1 0 |&°
2 2 0 2 0 0 0 1 0 |~
3 3 1 2 0 0 1 1 0o |
edge 4 9 2 2 0 6 2 1 0
5 13 3 2 0 10 3 1 0
6 20 4 2 0 17 4 1 0
3 2 0 2 0 0 0 1 0 €
4 3 1 2 0 0 1 1 0
3 1 2 0 0 1 1 0
5 2 2 0 2 2 1 0
tace 5 5 3 2 0 2 3 1 0
5 2 2 0 2 2 1 0
10 3 2 0 7 3 1 0
9 5 2 0 6 5 1 0
6 9 5 2 0 6 5 1 0
10 3 2 0 7 3 1 0
u&\“
Mt
v e

L




Example problem with exact solution given by

W(z,y) = if: sinh (n7ra) sin (nwy) n odd (36)
Y= = n?cosh (nm) '

u=0 '151)

Figure 18. Exémplé ‘problem.
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Figure 19. CPU time to compute (a) element level matrices and (b) total solution
for 128 elements with uniform p from 1 to 8. Solid and broken lines represent

decomposed and explicitly evaluated shape functions respectively. ¢ and +
represent time to compute element matrices and total solution time respectively.
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Implementation Requirements

The influence of model geometry on the character of the solution

Solution can be decomposed as edge, vertex, edge-vertex singular
K

D@ fO) + 02

k=1
c,(z) edge flux intensity factor, 1 (0) eigenfunctions analyticin @
v(r,0,z) smooth functions, o, = km/w

Edge singularity: u(r,0,2)

A model edge is singular if the interior dihedral angle v > &

Require cylindrical mesh with geometric gradation 0.15

In general 3D curved model, singular model edges may be curved
Require curved mesh gradation layout

Model with curved
singular edges

Implementation Requirements

Thin sections in 3D curved domains
O Apply 2D plate or shell models
O Can not deal with fillets, bosses, stiffeners etc.
Need special finite elements for the 2D to 3D transition

Apply fully 3D p-version method for thin sections
O Based on the p-version hierarchic plate and shell models

n n m

u, = Zzill_\-i (x, )’) u, = Zziuyi (x, y) u, = Zziuzi(x,y)
i= 7= i=

Converge to three dimensional model as #,m — ©©

© Choose polynomial order differently for in-plane and I

thickness directions 53, ]
O Require one layer prismatic elements through thickness ,i
direction SN
51552353 - X,y & "ol ,/,
§4 — 7 P

Simmetrix

Inc.
Enabling Simulation-Based Design

&
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Construction of p-Version Meshes

Complexities for 3D curved domains
' Shape of mesh entities on curved model boundary
O Procedures to construct proper graded curved meshes
() Structured prismatic meshes for thin section structures

Key steps and techniques
O Isolate and mesh singular edges and thin sections

O Curve the mesh entities on the boundaries in properly Curving
order without order
) Curved local mesh modifications to correct invalid

elements

Approaches being taken
O Boundary layer mesh generation
O Linear volume mesh generation

Curving
with order

Simmetrix

Enabling Simulation-Based Design

|dentifying and Meshing Singular Edges

Examine the interior dihedral angle variation for the model edges

Geometric model

Singular model entities
marked as dark

Simmetrix

Enabling Simulation-Based Design




[
44

Identifying Thin Sections |

Compute a set of medial surface points ,
© Do not need a fully accurate medial surface

O Intersection of octant edges and medial
surface

Collect set of opposite surface triangles
based on classification on model face
O This will not final all of them

G g G %3
w MY MM
/./Mfw. TR N
s

Determine missing triangles WL
O Use adjacencies, classifications and distance

Simmetrix

Enabling Simulation-Based Design

Meshing Thin Sections

Build loops of opposite surface patches
© Edge and face adjacencies

Modify surface triangulations so loops of opposite /&£ :
thin section patches have “equivalent” edge e \
discretization '

]
Copy triangulation from one opposite patch to the %v
other and create prismatic mesh o

Construct transition to allow automatic tet meshing
of the rest of the domain




Mesh Curving

Curve mesh entities in the boundary layer using curving consistent with that
required to curve the entities classified on the curved boundaries

1 |
Layer elements Curve X, G, Scale curve

Curved local mesh modification to correct invalid mesh entities

O An element is invalidity if its minimum determinant of Jacobian less than or equal
to zero
) Reshape, split, collapse, swap and refinement

Simmetrix Split

Inc.
Enabling Simulation-Based Design

p-Version Mesh Results

Starting surface mesh Curved isotropic volume mesh Mesh Regions Gradation
305 0
706 0.15

350 0.15

__Curved mesh with considering curving order and thin sections
(©)

e
-2



p-Version Mesh Results

Starting surface mesh Curved isotropic volume mesh

Curved mesh without considering curving order Curved mesh with considering curving order
(b) and thin sections

Regions | Gradation

260 0
996 0.15
756 0.15

The Application of p-Version Meshes in StressCheck

Objective
) Compare the performance between p-version meshes and conventional meshes
O Error measured in energy norm is of the most interest

StressCheck is a p-version finite element analysis software
O Founded by Prof. Babuska, Szabo etc in 1980’ s
O Support uniform p-, adaptive p- and g-version method
O Support tetrahedral, hexahedral and prismatic elements

Extrapolation error estimation? in StressCheck

(6 2
T R [

H(u”), II(u) finite element and exact potent ional energy

Error indicator? in StressCheck
O Jumps in the stress resultants across any shared faces

1 B.A. Szabo and |. Babuska (1991) Finite Element Analysis
2 StressCheck user’s manual (2005)

Simmetrix

Engbling Simulation-Based Design
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Problem 1

Problem 1
O Linear isotropic material
Young’ s Module E=3e7 psi
Poisson ‘s ratio v =0.3

Extension strategy
© Uniform p=2 to p=8
O Adaptive p — satisfy prescribe tolerance 0.1%
or reach maximum allowable p order 8

Geometric model

Selection of the exact potential energy 11(x)

=107 ()(x107")
=6 p=7 p=8 (8 digits)
-3.73765 -3.73841 -3.7(}881 -3.73954411
\ Finer curved graded mesh

5481 regions and 4 graded layer

() - T1(u™) B " P
=0.019% (5;@%{;;%&;

Simmetrix =‘ o)

Encbling Simulation-Based Design

Meshes for Example 1

Finite element meshes

Mesh a

888 regions
2 layers gradation

Simmetrix

Encbling Simulation-Based Design



p-Version Analysis Results for Problem 1

Relative error in energy norm with respect to Dof and CPU time

1
10 10]

N ——Uniform-p, mesh a
k ~ = Uniform-p, mesh b
~&-Adaptive-p, mesha
-+ Adaptive-p, mesh b

—— Uniform-p, mesh a
== Uniform-p, mesh b
- - Adaptive-p, mesh a
-+ Adaptive-p, mesh b

10°

10

log(Relative error in energy norm (%))
log(Relative error in energy norm (%))

L L
6 1 2

103 ‘IO4
log(CPU(sec))

p-version mesh b converges faster than mesh a
Uniform p: mesh b uses 15% less dof comparing mesh a at p=8
Adaptive p: mesh b uses 30% less dof comparing mesh a at last adaptive step

CPU time
Uniform p: mesh b uses 16% less CPU comparing mesh a at p=8
) Adaptive p: mesh b uses 33% less CPU comparing mesh a at last adaptive step

Simmetrix

Enabling Simulation-Based Design

Thin Solid Model in StressCheck

Model Problem
O Linear isotropic material

fixed fixed

Extension strategy
' Uniform p analysis from p=2 to p=8
O Fixed the thickness polynomial
order g=1,2,3 and p=2 to p=8 for
the in-plane direction for curved
prismatic mesh

Curved prismatic mesh
80 regions
Curved prismatic mesh
658 regions

Exact potential energy 11(v)

h
(") IGer) Curved tet mesh
p=6 p=7 p=8 (8 digits) 297 regions
-1.33677 | -1.33773 | -1.33822 -1.33894387
| | () - TI(u™)
Simmetrix = l—w = 0.016%

Enabling Simulation-Based Design
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