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Recovery Techniques (Zienkiewicz and Zhu)

Local construction of a “recovered” smooth flux o = oV v over
patches of elements used to define the error in the energy normin
terms of the difference between the FE and recovered flux.

Key ingredients include:
e definition of the patch
» selection of the smooth basis over the patch
» projection method used to fix values of smooth field - typically
an integral least squares fit '

In specific cases has been shown to yield bounded estimates
In most cases the local contributions useful for adaptive control

least squares
quadratic fit

two element mesh with C™* linear flux
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Goal - Oriented Error Estimates

Instead of looking at the error due to discretization of the PDE, one
can consider the error in a specific quantity of interest. This is often
called goal-oriented or adjoint based error estimation.

+ This quantity of interest is the functional, J(-), which produces a
scalar output, -

Jw):v - R.
— Ex: Pressure difference on a surface S,
! 2
J(w) = % fs(p - ptarget) das.

+ The error in the functional can be well approximated with the
residual of the PDE. This is done through the use of the adjoint, 1.

» Continuous Variational Problem Statement:
— Primal Problem: Find u € V, such that

Ruw)=0vweV (EQ 4)
~ Adjoint (Dual) Problem: Find ¥ € V, such that
R'u](w, ) =Jul(w) Vw eV (EQ 5)

Where R'[u](v,) is a Fréchét linearization with respect to u.
[}

Goal - Oriehted Erfor Estimates

S

—

Using (EQ4) and (EQs), the error in the functional due to a pertubation
in the solution can be evaluated by considering the impact of this
solution perturbation on the residual.
+ Let u,, be the discrete solution to the primal problem and
up+6uy, the perturbed solution. Similarly, let ¢, be the discrete
solution to the adjoint problem. Then the error in the functional, &7, is
given by: | |
8] = JCup + Sup) = J(up) = J' [up](6up)
= R'[up](8up, ¥p)
= R(up + 8y, ) — R(up, ¥p)
= 6R(Yn).
8] = R(up + 8, Yn) (EQ 6)
Which is (EQ4), with the choice w = 1, and perturbed solution. (EQ 6)
gives an error estimate, and shows the error in & chosen functional is
directly related to the residual with the trial function .
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Goal - Oriented Error Estimates

hen a basis has been chosen for (EQ4) and (EQ5), a discrete formulation
can be used for evaluating the error estlmate Consider a coarse solution
uy and a fine solution, u;,. Additionally let upf = [h up, be the representation
of the coarse solution on the fine grid, where I is a prolongation matrix.
The error in the functional is given by

J(u) = J (up) = ORI R(ui) (EQ7)
Where y}*"is the solution to the mean-value adjoint problem
(Ruwnufl])" YR = Ulunufl )" (EQ 8)
Where
_ LaR, |
Rlup,ull] = [up + Ol —uy)] dO

0 auhh )
HY _ ! O/n H
f[uh,uh] = ou [uh + B(uh — uh)] de
0 h

Further, since we do not want to solve (EQ 8) on the fine grid, it is common
to use Y= ™ — &I, which means (EQ 7) can be written as

Ju) =) = ™) R(ufl) - GYE)R(uf)

computable correction remaining error

Goal - Oriented Error Estimates
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EXTRACTION TECHNIQUE FOR BOUNDARY
STRESSES AND DISPLACEMENTS

Need accurate values of stress concentrations
that occur at boundaries

FE solution for boundary stresses is poor

Adaptive control of energy or global L, norm does
not ensure accuracy of local quantities

Extraction techniques can provide accurate
pointwise values

Construction of appropriate integral equations is
central to extraction process
: 5 (i and M.6 5‘!\(’()‘\'4&\/(.'(, o
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THE BOUNDARY EXTRACTION MODEL

The Orientation of  and QF The Extraction Model at S

The physical Problem Domain ‘&‘the}, Boundary Extraction Model

The Boundary Extraction Location has to be:

« Traction free.
. On a ‘smooth’ boundary segment of the domain.




1. Extraction of Bound_ary"Disp‘l‘aCements

Let u} — virtual displacements and o, — virtual

stresses The principle of virtual displacements for
VWVL

. L,( L5

problem (1)@2&9}3w . e?w” G 0 (
/ oiju; dfd = / (pi pl)u*dI‘+ / (ul u;)pdT
Q T, “

| (4)
p; = ojn; — virtual tractions on the boundary

\%y\ovwi

Integrating by parts tW|ce, £ o

/

qul
¢ / o U d = / ulp] / piu;dIl’ (5)

I'a=T,uUly, -
ey

To extract displacements at. S, choose uWat

v
U;i)j i 6k = O \\U‘f' ﬁuwt‘iﬂy\ (6)
in the semi-infinite plane. e g 5

5k — unit load at (0,0) acting in the k direction.” ¢ .
then, %@

w(0,0) = [ prugr — [ upiar )

* — displacements and tractions due to Ok-




2. Extraction of Boundary Stresses

Use a different fundamental solution: di-pole
- solution in the semi-infinite plane.

X2 ——Pl'iF_“

.___pp

A

yx1
A Di-pole Model is used as fundamental
solutions for stress extraction

Tvi\v,

To extract 090 at S(0,0), the fundamentgl olutions

Eﬂ"u
0‘\\_\(\@/7 v\ s ‘\'V’ Lious
\6\‘/‘( . q M

are (plane stress):

2(1 +v)cos®d — 2v cosf

* _—
= Enr
-, 2sin0(sin® 0 + v cos6)
Ul = —

Emr

. 2 cos? (4 cos? 0 -3) (12)
011 = 7TI'2 .

. (1-—5c0529+4cos 6)
092 = — 7”,2

. sin 40
012 =




~Same operations yield

- Ri—-R N
092(0,0) = 7rR1R22u2(0’0‘) +E| /ufpi dI' — /p;"ui dr

Q- I'g
(13)
the extraction form is

(extract) R2
0 O
————MRle U2(0,0)

+E / P;uP*dI' — / Q;pP*dr

0

(14)

Integration paths sensitivity study:

% ' 6. Covaded, on e

Test Problem 3: The Mesh. and Different Integration
Paths Used for Boundary Stress Extlac’uon

Fl Iy | Fs I.‘4:

Extracted |
e 01 9.2447555 | 9.4563938 | 9.5375545 | 94873897
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Initial Mesh . = Final Mesh
Degrees of . ' .
&l Direct FE Stress | Extracted Stress | Total Strain Energy
Freedom .
256 7.70 17.15 3500.6
902 34,06 32.66 4859.2
2936 30.32 37.46 5355.4
5314 30.57 38.25 5459.4
Estimated
0.37 1.21 0.97
Convergence Rate C

EXAMPLE WITH QUADRATIC ELEMENTS

DFer il:;’;sf Direct FE Stress Extracted Stress | Total Strain Energy
622 - 24.60 33.95 ‘ 5128.9
4336 40.50 38.49 5551.1
7714 37.55 38.79 5564.8
8568 , 37.59 38.74 5565.9
11298 38.46 38.77 5567.3
Estimated o '
Convergence Rate 07 2.02 213




RELATVE PERCENT ERROR

LINEAR ELEMENTS QUADRATIC ELEMENTS

" 10073
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