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Analysis of Multipactor Effects by a Particle-in-Cell
Algorithm Integrated With Secondary Electron

Emission Model on Irregular Grids
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Abstract— We combine a novel finite-element-based electro-
magnetic particle-in-cell (EM-PIC) algorithm for the solution
of Maxwell–Vlasov equations on irregular (unstructured) grids
together with the Furman–Pivi probabilistic model governing
the secondary electron emission process. The algorithm can be
used for the analysis of resonant electron discharging phenomena
(multipactor effects) in high-power radio frequency devices.
In contrast to previous algorithms, the present EM-PIC algorithm
yields a self-consistent time update of fields and particles on
irregular grids with energy and charge conservation obtained
from first principles. The use of unstructured grids enables local
mesh refinement and simulation of complex geometries with
minimal geometric defeaturing. We apply the algorithm to model
multipactor effects on waveguides with flat or corrugated walls.
We contrast the evolution of the electron population in various
cases and investigate the respective saturation processes arising
from self-field counterbalancing effects.

Index Terms— Maxwell–Vlasov equations, multipactor,
particle-in-cell (PIC), secondary electron emission (SEE).

I. INTRODUCTION

RESONANT electron discharges from metallic or dielec-
tric surfaces, also known as multipactor effects, are

often observed in high-power radio frequency (RF) devices
such as accelerators, vacuum tubes, and satellite payloads [1].
This effect generally degrades and limits device performance
[2]–[5]. On the other hand, discharge effects can be harnessed
by various technologies including electron guns, plasma dis-
plays, and for energy dissipation to protect highly sensitive
receivers [6]. As a bridge between the theoretical and experi-
mental analysis, computer simulations have been employed in
recent years to analyze multipactor effects [7]–[10] via elec-
tromagnetic particle-in-cell (EM-PIC) algorithms [11]–[14],
which basically solve Maxwell–Vlasov equations for track-
ing the nonlinear evolution of coarse-grained distribution of
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Fig. 1. Schematic illustration of a typical SEE process in an irregular-
grid-based EM-PIC simulation. Note that electric current densities by the
primary or secondaries are deposited on red- or blue-highlighted edges,
respectively.

charged particles (tenuous plasma) and its interaction with the
RF field.

In this paper, we numerically investigate multipactor effects
using a novel EM-PIC algorithm based on the finite-element
time-domain method implemented on unstructured (irregular)
grids [15], [16]. The use of unstructured grids enables local
mesh refinement and simulation of complex geometries with
minimal geometric defeaturing, see Fig. 6. The present algo-
rithm attains energy and charge conservation [16], a feature
that has eluded previous EM-PIC algorithm implementations
on irregular grids. In addition, the present algorithm imple-
ments the Furman–Pivi probabilistic model [17], based on
a broad phenomenological fit to experiment data, to obtain
accurate simulations of secondary electron emission (SEE)
process (rather than a conventional monoenergetic one).
We illustrate the proposed algorithm by examining multipactor
effects taking place on waveguides with flat or corrugated
(triangularly grooved) walls. We contrast the evolution of the
electron population in various cases and investigate the respec-
tive saturation process arising from self-field counterbalance
effects.

II. IRREGULAR-GRID EM-PIC ALGORITHM

INTEGRATED WITH FURMAN–PIVI MODEL

EM-PIC algorithms are an effective means of model-
ing Maxwell–Vlasov equations describing the interaction of
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Fig. 2. Comparison of simulation and experimental results for SEE on copper [(a) and (b)] and stainless steel [(c) and (d)] surfaces. (a) and (c) SEY δ
versus the primary incident energy. (b) and (d) Emitted-energy spectrum dδ/d E .

time-varying electromagnetic fields and a large collisionless
system of charged particles. Due to computational constraints,
PIC algorithms are based on a coarse-graining of the phase
space where the collection of charged particles is replaced
by a smaller set of superparticles. The temporal dynamics
of each superparticles is simulated by performing four ser-
ial operations at each time step during a marching-on-time
simulation: 1) field update; 2) gather; 3) particle pusher; and
4) scatter. The details on the present Maxwell–Vlasov EM-PIC
solver can be found in [15], [16], [18], and [19]. In addition,
the scatter strategy for attaining charge conservation from first
principles on irregular grids is summarized in Appendix A.
We next discuss the integration of the probabilistic
Furman–Pivi SEE model into the algorithm.

In this model [17], three types of (macroscopic) mechanisms
producing secondary electrons are incorporated: 1) backscat-
tered (BS) or almost elastic; 2) rediffused (RD) or partially
elastic; and 3) true secondary (TS) or inelastic. A typical sce-
nario for the SEE process during one-time step �t (i.e., from
time-step n to n + 1) in the EM-PIC algorithm is illustrated
in Fig. 1. When the primary electron (red solid line) trajectory
intersects a metallic surface, the SEE algorithm launches
secondaries (BS, RD, or TS, indicated by blue solid lines)
via a stochastic process governed by the primary electron
kinetic energy and incidence angle. Once all trajectories
of the secondary electrons are obtained, the scatter step
in the EM-PIC algorithm converts the electron trajectories
into equivalent electric currents along edges of the irregular
grid. In this process, the trajectory of the primary inside the
metal (red dashed line) is discarded and the primary becomes
dummy. As noted, the use of irregular grids enables a more
accurate description of complex geometries, including curved
and textured surface treatments employed to suppress the
multipactor effects [20] or found in electron gun technologies.
In the present EM-PIC algorithm, implementation of electron
emission process from curved boundaries is more natural than
in regular-grid-based EM-PIC algorithms. This is because the
latter necessitates the use of ad hoc cut-cell methods or con-
formal finite-difference approaches [21]. For the purpose of
implementing the field boundary conditions, the metallic sur-
faces are assumed as perfect electric conductors (PECs) at
RF frequencies. A summary description and a pseudocode
implementing the SEE process are provided in Appendix B.

Fig. 3. Angular dependence of δ on a copper surface.

III. NUMERICAL RESULTS AND DISCUSSION

A. Verification of SEE Model in EM-PIC Simulations

In order to validate the probabilistic SEE process for
embedding in present EM-PIC algorithm, we carried out
impact simulations on copper and stainless steel surfaces
without external fields. We obtained statistical averages of
two important parameters: the secondary electron yield (SEY)
δ and the emitted-energy spectrum dδ/d E . We compare the
simulation results against experimental data from [22].

Fig. 2(a) and (c) plots δ versus the incident electron
energy (eV) for normal incidence when the superparticle
number Np is set equal to 5 × 105, for copper and stainless
steel surfaces, respectively. Fig. 2(b) and (d) shows dδ/d E
versus the secondary electron energy assuming primary impact
energy E0 = 295 (eV) and E0 = 300 (eV), respectively,
and normal incidence. The superparticle number Np in these
simulations is 1×106. Overall, there is a very good agreement
between the present simulation results and the experimental
data. We also tested the angular dependence of the SEE
process for various primary incident angles. This is shown
in Fig. 3, where it can be seen that grazing incidence generates
more secondaries than the normal incidence, as expected.
Note that the present algorithm assumes the same angular
distribution function (cosine-like) as introduced in [17].
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Fig. 4. PIC results for probabilistic SEE model. (a) Superparticle population versus time (RF voltage periods). (b) and (c) Snapshots of particle’s trajectories
for copper and stainless steel cases, respectively. These trajectory snapshots are taken during four successive half-periods of the RF signal, i.e., t/TRF ∈ (0, 0.5),
t/TRF ∈ (0.5, 1), t/TRF ∈ (1, 1.5), and t/TRF ∈ (1.5, 2), where TRF = 1/ fRF = 0.96 (ns).

B. Multipactor on Copper Versus Stainless Steel Surfaces

Consider parallel metallic plates separated by a 2-mm
gap. An external RF voltage is applied to the plates as
shown in Fig. 4(b) and (c). We assume a RF voltage with
amplitude V a

RF = 300 V and frequency fRF = 1.044 GHz.
These parameters are chosen to meet the multipactor resonant
condition, see (1). We initially place 100 seed superparticles
uniformly distributed along a line parallel to and near the
lower plate. Each superparticle (both as initial seeds and future
secondaries) in the simulation represents about 2.5×108 actual
electrons. Here, and in what follows, the metallic surfaces are
assumed as PEC surfaces for the purpose of implementing the
field boundary conditions in the RF frequency regime. The
left and right ends of the grid are terminated by a perfectly
matched layer [23]. Copper and stainless steel have different
δ profiles, cf. Fig. 2(a) and (c) in [17]. Except for primary
impacts with very low incident energy, electron avalanches
can occur since δ is overall larger than unity. It is worth
noting that in the copper plates most of the secondaries tend
to be TS. On the other hand, both BS and TS electrons are
prevalent in the stainless steel plates. Fig. 4 shows some
EM-PIC simulation results that capture the distinct features
in copper and stainless steel. In Fig. 4(a), we compare the
temporal growth of superparticle population between the plates
over the first two periods of the RF voltage. A nearly stepwise
increase of the population can be observed in the copper
plate whenever primary electrons hit the walls since the most
of SEE is produced by TS emission and they are regularly
accelerated along the retarding RF voltage. On the other hand,
in the stainless steel plate, the net superparticle population
increases rather more gradually due to the balance between
almost elastic and inelastic secondary emissions. This implies
that roughly half of electrons, which are of TS and BS, feel
an accelerating force (in-phase) from the RF field while the
remaining electrons are not in phase; however, this is enough
for them to hit the wall so that net electron avalanches also
occur. This is evidenced in Fig. 5, which illustrates the parti-
cles’ trajectory in the phase space for successive half cycles
of the RF signal. In these plots, the particle trajectories are
colored with respect to their speed (faster by red lines, slower
by blue lines). The axes represent the spatial coordinates, x/10

TABLE I

MULTIPACTOR SIMULATION PARAMETERS FOR
THE PARALLEL WAVEGUIDE IN FIG. 6(a)

and y m, versus normalized speed of the particles |vp|/20c
for each half of the RF voltage period, as indicated. It can be
observed that, for the second half-period, the stainless steel
surface creates more energetic electrons at the moment of the
emission than the copper surface. As a result, they produce
more primary impacts that are out of phase with the RF field
(in addition to the regularly accelerated ones). This causes the
total electron population to increase gradually in the stainless
steel case rather than the stepwise sense as in the copper case,
see also Fig. 4(a).

C. Surface Treatment Effects

Consider a waveguide with copper plates separated by a
gap size Dpp m and longitudinal length Lpp, as depicted
in Fig. 6(a). In this case, a transverse electromagnetic wave
is injected from the input (left) port by exciting a line current
source between the plates. The output voltage is measured
at the right-end port. We denote fRF and VRF as the fre-
quency and RF voltage amplitude of the input signal. Initially,
we place 1000 superparticle seeds uniformly distributed near
the lower plate and launch them with zero velocities [the
electron cloud region in Fig. 6(a)]. Each superparticle rep-
resents 2 × 107 actual electrons. In order to prevent stray
electrons spreading laterally, it is assumed that only the central
section of length Lmp [blue-glowed-solid lines in Fig. 6(a)]
are constituted by copper yielding the secondaries. The other
surfaces are assumed as collectors that absorb electrons. The
multipactor resonant condition is given by

fRF = 1

2
√

π Dpp

√
V a

RF
qe

me
(Hz) (1)

where qe and me are the charge and mass for an electron.
All parameters are chosen to meet the resonant condition
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Fig. 5. Particle trajectory snapshots on the phase space. The coordinate axes represent x/10 [m], y [m], and the normalized speed of the particles (|vp |/20c).
Each plot corresponds to a half-period of the RF signal, as in Fig. 4. (a) t/TRF ∈ (0, 0.5), copper. (b) t/TRF ∈ (0.5, 1), copper. (c) t/TRF ∈ (1, 1.5), copper.
(d) t/TRF ∈ (1.5, 2), copper. (e) t/TRF ∈ (0, 0.5), stainless steel. (f) t/TRF ∈ (0.5, 1), stainless steel. (g) t/TRF ∈ (1, 1.5), stainless steel. (h) t/TRF ∈ (1.5, 2),
stainless steel.

Fig. 6. Multipactor in parallel plate waveguides. (a) Schematics of the problem geometry. (b) Flat surface waveguide meshing. (c) Triangular-grooved
waveguide meshing.

and represented in Table I. We consider two types of sur-
faces: flat and triangularly grooved surfaces, as illustrated
in Fig. 6(b) and (c), respectively. The width, depth, angle,

and number of grooves are denoted as wg , hg , αg , and Ng ,
respectively, and their values are given in Table II. Note that
a triangularly grooved surface might reduce δ depending on
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TABLE II

TRIANGULARLY GROOVED SURFACE PARAMETERS

TABLE III

MESH PARAMETERS

Fig. 7. RF voltage amplitude susceptibility at fRFDpp = 4 (GHz ·mm) for
flat and grooved copper surfaces.

αg , as discussed in [20]. The domain is discretized using an
unstructured mesh. Table III lists some of the mesh parame-
ters: N0, N1, and N2 are the number of nodes, edges, and
faces, respectively. In addition, �tmax denotes the maximum
time-step interval for stable simulations according to the
Courant–Friedrichs–Lewy criterion. Both simulations adopt
�t = 50 (fs). In order to accurately capture the behaviors of
fields around the grooved surface, we apply a local mesh
refinement near the tips, as shown in Fig. 6(c).

D. Multipactor Susceptibility to RF Voltage Amplitude

In order to examine the multipactor susceptibility to the
RF voltage amplitude, we observed the electron population
multiplication during the first five RF voltage periods (initial
build-up) and for different RF voltage amplitudes. Refer-
ence [24] noted that the rate of change in the number of
stray electrons over time to provide a measure of multipactor
susceptibility. Here, we introduce a gain factor g as

g = (
N

n f
p,eff/Nns

p,eff

)1/[2 fRF(n f −ns )�t] (2)

where Nn
p,eff denotes the number of superparticle flying

between plates at the nth time-step, and the exponent rep-
resents the inverse of the total number of primary hits during
the considered time interval (n f −ns)�t . As noted, we choose
n f = 2.5 ns and ns = 0 here. Multipactor occurs when g > 1
and becomes stronger for larger g, akin to the conventional δ.

Fig. 8. RF voltage cycle versus population amplification, An for both surfaces
at V a

RF = 1143.16 V.

Fig. 9. Output signals for both surfaces. (a) Time-domain. (b) Frequency
domain.

Fig. 7 illustrates RF voltage amplitude versus g for flat
and grooved copper surfaces with fRF · Dpp = 4 GHz · mm.
On the flat case, the simulations indicated that multipactor
is triggered for RF voltage amplitudes VRF in the range
from about 200 to 1600 V. These simulation results are in a
good agreement with range estimates from the Hatch–Williams
model [22], represented by the red and blue shaded regions
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Fig. 10. Particle position snapshots taken over a half RF period during the saturation regime. The RF voltage period is 0.5 ns. (a)–(f) Flat surface.
(g)–(l) Grooved surfaces.

Fig. 11. External-field and self-field snapshots taken over a half period during the saturation regime. The RF voltage period is 0.5 ns. (a)–(f) Flat surface.
(g)–(l) Grooved surfaces.

in Fig. 7. The peaks observed in the low (at about 0.35 kV) and
high (at about 0.85 kV) voltage regimes result from third-order
and first-order multipactor, respectively. In contrast to these
results, the susceptibility band in the grooved case becomes
wider and moves toward higher voltages as seen in Fig. 7. This
can be explained by the fact that the effective gap size of the
grooved waveguide is larger than the flat surfaced waveguide.
For a fixed frequency, (1) predicts that the voltage amplitude
should increase with an increase in the gap size.

E. Multipactor Saturation Effects
An exponential growth in the population of stray elec-

trons can be observed during the initial build-up of multi-
pactor. After many RF voltage cycles, the electron population
saturates due to two main mechanisms: 1) acceleration-phase-
mismatching and 2) the fact that secondary electrons are pulled
back toward the surface by increasingly strong space-charge
fields [25]. Some symptoms by multipactor saturation are
output power loss and harmonic generation. In order to capture
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Fig. 12. Snapshots of vx (m/s) versus y (m) taken over a half RF period during the saturation regime. The RF voltage period is 0.5 ns. (a)–(f) Flat surface.
(g)–(l) Grooved surfaces.

Fig. 13. Snapshots of vx (m/s) versus y (m) taken over a half RF period during the saturation regime. The RF voltage period is 0.5 ns. (a)–(f) Flat surface.
(g)–(l) Grooved surfaces.

the saturation phenomenon, based on the reference setting (i.e.,
with V a

RF = 1143.16 V), we ran EM-PIC simulations for
100 RF periods and for both types of surfaces. Fig. 8 shows the
log-scale plot of the electron population amplification factor
An = Nn

p/N0
p , where Np is the total number of superparticles

flying between two metallic plates at time step n, versus the RF
voltage cycle. The number density increases at an exponential
rate up to an intermediate stage close to about six RF cycles,
beyond which saturation is reached due to strong space-
charge self-fields. During the intermediate stage, the ampli-
tude of RF fields prevails over the space-charge self-field,
and most secondaries successfully escape from the emission
surface.

Fig. 9(a) shows the instantaneous RF voltage at the output
port over time. As expected, the output voltage amplitudes in
both cases are smaller than the input voltage amplitude (green
dashed line, 1143.16 V). Their spectra are shown in Fig. 9(b)

where it can be clearly seen that, in addition to the original
2 GHz signal, many frequency harmonics are generated in both
cases.

Table IV compares the spectral amplitudes of each harmonic
for both cases. It is seen that the flat case includes all
harmonics (even and odd) but the grooved case exhibits only
odd harmonics. According to [26], the output voltage signal
should include only odd orders to the fundamental frequency
f0,Nmp = fRF/Nmp, which depends on the order of multipactor
Nmp (here, fRF = 2 GHz). However, Fig. 9(b) shows that,
in the flat surface case, both odd- and even-order harmonics
are present. Similar results have been observed in [27]. The
presence of even harmonics in the flat case might be due to
the presence of stronger horizontal (lateral) currents due to
drifting electrons with oblique SEE, which is not incorporated
by the model considered in [26]. Further work is needed to
test this hypothesis.
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TABLE IV

SPECTRAL AMPLITUDE OF OUTPUT VOLTAGE SIGNALS FOR HIGH-ORDER
HARMONICS

Figs. 10–13 show snapshots of particle and fields evolu-
tions and phase plots (vertical and horizontal components of
velocity), respectively, taken over a half RF period at the sat-
uration regime for both surfaces. It is observed in Fig. 10 that
many electrons inside the grooves experience multiple impacts.
This effectively lowers down the average number of the
secondaries launched to the surface. The breakdown of the
focusing effect, which is one of the symptoms from multi-
pactor saturation [25], [27], can be seen in Fig. 12 for both
surfaces. Fig. 13 shows the influence of the external lateral
electric field (horizontal component) present in the grooved
geometry on the horizontal electron speed distribution.

IV. CONCLUSION

We have described the integration of a charge-conserving
and energy-conserving finite-element-based EM-PIC algo-
rithm implemented on unstructured (irregular) meshes with
the Furman–Pivi probabilistic model describing SEE processes
on metallic surfaces. The proposed SEE/EM-PIC algorithm
enables mesh refinement and is better suited to model to com-
plex geometries. The algorithm was validated by comparing
simulation results with available prior data. The algorithm was
applied to evaluate and compare multipactor effects on copper
and stainless steel parallel plates. In addition, the algorithm
was employed to compare multipactor on copper waveguides
with flat or corrugated (triangularly grooved) walls. The
multipactor saturation process was examined by quantifying
the output power loss and harmonic generation arising from
acceleration phase mismatching and self-field counterbalance
effects.

APPENDIX A
CHARGE-CONSERVING SCATTER ON IRREGULAR GRIDS

Given a particle trajectory (motion) during one unit time
interval �t , the scatter step of a PIC algorithm assigns the
consequent current onto the edges of the grid. This edge-
based current subsequently enter as a source term in the
Maxwell field solver (through the discrete Ampere’s law).
A major challenge for PIC algorithm has been how to develop
charge conserving scatter schemes. Recently, a Whitney-form-
based scatter [15], [28]–[30] based on exterior calculus of

Fig. 14. Geometric illustration of exact charge conservation on irregular
grids for a primary impact (also applicable for secondary electrons emitted
on the opposite way) at PEC surfaces during �t . (a) Charge variation rate at
j th node. (b) Divergence of current on j th node, which is equal to the sum
of ith and kth currents.

differential forms [29]–[34] was developed to attain charge
conservation from first principles. Specifically, (the Hodge
duals of) the current and charge densities are expanded by
means of Whitney 1- and 0-forms, respectively [29], [30].
On an unstructured mesh, node-based charges and edge-based
currents are obtained by integral evaluations of such forms
at the charged particle’s position and along its trajectory,
respectively.

From Maxwell’s equations, the tangential electric and mag-
netic field components at a PEC surface are zero. As such,
the present field solver enforces zero tangential fields at the
metallic surfaces. A charged particle next to a metallic surface
will induce a surface charge distribution on the surface that
can be obtained from image theory assuming a charged particle
sufficiently close to a locally planar surface. As the charged
particle approaches the surface from the grid domain, the fields
due to the charged particle and its image will cancel each
other. When the particle hits the surface, the associated field
becomes zero and the charge is then absorbed (discarded) by
the EM-PIC algorithm. On the grid, charge conservation is
obtained by a proper balance between the variation of the
node-based charges and the edge-based currents that touch a
given node. This is illustrated in Fig. 14 when a single-charged
particle inside the kth face (triangle) crossed the metallic
(PEC) surfaces and leaves the problem domain (black dashed
line), there is an associated nonzero grid charge at the ith node
(green square) and associated currents at the j1th (red) and j2th
(blue) edges. From a geometrical viewpoint, the grid charge
variation rate on ith node, which from the Whitney 0-form
expansion is associated with the green-colored area divided
by �t , is equal to the sum of the grid currents flowing in/out
of the ith node, which is the sum of two grid currents at j1th
and j2th edges. Form the Whitney 1-form expansion of the
currents, the latter is equivalent to the sum of two areas colored
in red and blue. A mathematical derivation of these results can
be found in [15] and [16].

APPENDIX B
FURMAN–PIVI SEE MODEL IMPLEMENTATION

The basic steps implementing the probabilistic Furman–Pivi
SEE model are summarized in the EM-PIC code, which are
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Algorithm 1 Basic Steps for Implementation of SEE in
the EM-PIC Algorithm

for p ∈ [
1, 2, . . . , Np,max

]
do

a ← Dummy_Effective_Checker(p);
if a == 1 then

v
n+ 1

2
p ← Particle_Acceleration(p);

xn+1
p ← Particle_Push(p);

b← Impact_Checker(p);
if b == 1 then

ximp
p ← Impact_Position(p);

d ← Impact_Energy(p);
e← Impact_Angle(p);

jn+ 1
2 ← Scatter

(
xn

p, ximp
p

)
;

Delete_Primary(p);
NS EY ← Compute_SEY(d,e);
for q ∈ [1, 2, . . . , NS EY ] do

r ← Min_Dummy_Finder();
Compute_Launch_Energy(r);
Compute_Launch_Angle(r);
xn+1

r ← Particle_Push(r);

jn+ 1
2 ← Scatter

(
ximp

p , xn+1
r

)
;

end
else

jn+ 1
2 ← Scatter

(
xn

p, xn+1
p

)
;

end
end

end

summarized in Algorithm 1. Initially, a vacant 1-D workspace
of size Np,max × 1 is set for either dummy or effective
macroparticles. At each time-step, a for loop is performed
with respect to the index p that checks whether or not the
pth particle is dummy by Dummy_Effective_Checker,
yielding the integer a: 1 (effective) or 0 (dummy). If a = 1,
Particle_Acceleration and Particle_Push accel-
erate and push the pth particle during one time-step, respec-
tively, and yield its updated velocity vn+(1/2)

p and position
xn+1

p . Afterward, Impact_Checker tests the occurrence of
the impact of pth particle on metal surfaces, producing the
integer b: 1 (impact) or 0 (no impact). If b = 0, scatter
uses xn

p and xn+1
p to compute grid electric currents, jn+(1/2)1.

If b = 1, the SEE algorithm determines the impact position,
energy, and angle via Impact_Position, _Energy, and
_Angle, respectively. After the primary’s trajectory between
xn

p to impact position ximp
p is converted to an grid electric

current, the primary particle is discarded (absorbed). In accor-
dance with the impact information obtained earlier, the number
of the secondaries NSEY is computed by Compute_SEY
based on the Furman–Pivi probabilistic SEE model. Another
for loop is performed to compute the launching energy and
angle for the secondaries. This information is saved in vacant
bins found by Min_Dummy_Finder. Finally, the new sec-
ondaries are launched and their current transferred to the grid
in the scatter step.
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