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The integral of momentum in a mesh comprised of d-dimensional simplices,
assuming piecewise linear velocity and piecewise constant densities, is:

pΩ =
∑
e∈E

me
1

d + 1

∑
a∈N (e)

va (1)

Ω mesh
pΩ integral of momentum over the mesh
E set of elements in the mesh
me mass of element e
d dimension of simplex elements
N (e) nodes of element e
va velocity of node a

We can just as easily rearrange the sums to be over nodes:

pΩ =
1

d + 1

∑
a∈N

va
∑

e∈E(a)

me (2)

E(a) set of elements sharing node a

In order to transfer velocity such that the integral of momentum is conserved,
we can start by first assigning to each element the integral of momentum over
it, following Equation 1:

∀e ∈ ED : pe = me
1

d + 1

∑
a∈ND(e)

va (3)

ΩD “donor” mesh
ED elements in donor mesh
pe momentum assigned to element e

We then fully adapt the mesh while transferring this momentum field pe as
an element-wise field in a conservative manner, as we do with element mass and
energy:
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∑
e∈ET

pe =
∑
e∈ED

pe (4)

ET elements in “target” mesh

Afterwards, we can project momentum back to the nodes such that the sum
of the nodal momentum values equals the sum of the element momentum values:

∀a ∈ NT : pa =
1

d + 1

∑
e∈ET (a)

pe (5)

NT nodes in target mesh
ET (a) target elements sharing node a

∑
a∈NT

pa =
∑
e∈ET

pe (6)

ET elements in target mesh
pa momentum assigned to node a

After that we can derive nodal velocities based on the single terms of Equa-
tion 2:

∀a ∈ NT : va =
(d + 1)pa∑
e∈ET (a) me

(7)

Putting Equations 5 and 7 together gives:

∀a ∈ NT : va =

∑
e∈ET (a) pe∑
e∈ET (a) me

(8)

If we subsitute the new nodal velocity from Equation 8 back into the integral
Equation 2, we see that the momentum of the target mesh is:

pΩT
=

1

d + 1

∑
a∈NT

∑
e∈ET (a) pe∑
e∈ET (a) me

∑
e∈ET (a)

me =
1

d + 1

∑
a∈NT

∑
e∈ET (a)

pe (9)

Which is exactly the sum of the nodal momentum values from Equation 5,
so by Equations 6, 4, 3 and 1, the target mesh momentum is exactly the donor
mesh momentum.
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Some of the reasons to recommend this method include:

1. It exactly conserves the integral of momentum over the mesh

2. It reuses existing code to transfer piecewise constant fields, so no new logic
is needed inside the mesh adaption code.

3. The only new code required is in Equations 3 and Equations 8, which are
fairly trivial and fast.

4. It doesn’t require 2-layer cavities, the use of which slows down our adaptive
code by a factor 3X overall in MPI parallel mode.

5. It doesn’t require solving a linear or nonlinear system at each cavity, which
would also slow things down.

6. The element-wise transfer that satisfies Equation 4 can be minimally dif-
fusive, especially if the element-intersection algorithm is used. Equation 3
is not diffusive at all, and Equation 8 should not diffuse momentum that
much, hence there is a good chance that diffusion will not be a serious
issue.
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